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1.1 Integers

Problem 1.1 (1) Fill in the blank.

The numbers 1,2,3,4,... are the

(Check all that apply)

A. natural numbers
B. odd numbers

C. negative integers
D. positive integers
* E. integers

* F. even numbers

Hint: More than one answer might be correct. Check all that apply.

Problem 1.1 (2) Fill in the blank.

The numbers ...,—4,—3,—2,—1 are the

(Check all that apply)

* A. positive integers
* B. even integers

* C. negative integers
* D. integers

E. natural numbers
* F. odd integers

Hint: More than one answer might be correct. Check all that apply.

Problem 1.1 (3)

Complete this the operation table for subtraction. In each table cell enter the heading of the row
minus the heading of the column heading.



- =3 2 -1 0 1 2
-1 2 1 o - _—
o 3 - - - _ -2
1 4 3 _— _— 0 -1
2 4 3 _— 0
3y - - - _ _ __
4 - 4 _

Problem 1.1 (4)

Complete this the operation table for addition. In each table cell enter the heading of the row plus
the heading of the column heading.

+ 0 1 2 3 4 5 6
2 . . 1 — __ __
1 0 2 _ 4 5
o - 2 3 4
1 1 - 4 __ 6 7
2 - - - _ _ __ 8
3 3 - - 7 __— 9
4 - 8 __ 10

Problem 1.1 (5) (1 point)

Subtract the following integers:
4—-6=___
10-2=___

2—17=__

Problem 1.1 (6) (1 point)

Multiply the following integers.



Problem 1.1 (7) (1 point)

Add the following:
—84+(—2)=__
—6+(—-5)=__

1+ (-8)=__



Solutions

Problem 1.1 (1) Correct Answers:

* AD

Problem 1.1 (2) Correct Answers:

e C

Problem 1.1 (3) Correct Answers:

-1 2 1 0 -1 2 3
o 3 2 1 0 -1 -2
1 4 3 2 1 0 -1
2 5 4 3 2 1 0
3 6 5 4 3 2 1
4 7 6 5 4 3 2
Problem 1.1 (4) Correct Answers:
+ 0 1 2 3 4 5 6
2 2 -1 01 2 3 4
-1 -1 0 1 2 3 4 5
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 7
2 2 3 4 5 6 7 8
3 3 4 5 6 7 8 9
4 4 5 6 7 8 9 10

Problem 1.1 (5) Correct Answers:
Solution:

It helps to understand that the subtraction sign means that we are adding the opposite. For example, 3 —2 =
3+ (—2). For many students, it’s easier to change “minus a number” into “adding the opposite number”.
This way of looking at subtraction will help us understand more complicated topics later, like subtracting a
negative number.

METHOD 1
One way is to use a number line. Let’s do this for 4 — 6. First, we rewrite it as

4+ (—6)

Find 4 on a number line. Since we are adding a negative number, we move left, in the negative direction, by
6 units. We will reach —2 on the number line, which is the answer.

iuhtracting G
f—{ S ——t—t—t
-2 4




So4—-6=-2.

Similarly, 10 —2 =8 and 2 - 17 = —15.

METHOD 2

A second method asks you to think in context; for example when money is involved or the temperature
changes. Let’s do this for 4 — 6. First, we rewrite it as

44 (—6).
The first number is 4. Since it’s positive, it’s like you won 4 dollars at the casino this morning.
The second number is —6. Since it’s negative, it’s like you lost 6 dollars in the casino later this afternoon.

Since you lost more money than you won, you ended up losing money overall, implying the answer is
negative.

Since you won 4 dollars and then lost 6 dollars, it makes sense that you lost the difference of 6 and 4 dollars,
which is 2 dollars. So the final answer is: 4 —6 = —2.

Correct Answers:

)
.8
. 15

Problem 1.1 (6) Correct Answers:
Solution:

The rules for multiplying positive and negative numbers are:
® positive - positive = positive,
e positive - negative = negative,
e negative - positive = negative,
e negative - negative = positive.

The solutions are:

10



Correct Answers:

*9
* —10
e —42
* 0

11



Problem 1.1 (7) Correct Answers:
Solution:

Here are two different explanations of how two negative numbers can be added together.

METHOD 1
Use a number line. Let’s find —8 + (—2).

First, find —8 on the number line. Next, since we are adding a negative number, we move left, in the negative
direction, by 2 units. We will reach —10 on the number line, which is the answer.

‘gdding -2
3 t 3
=18 -8

So, —8+4(—2) = —10.

Similarly, =6+ (—5) = —11, and —1 + (—8) = —9.

METHOD 2
A second method asks you to think in terms of money. Let’s find —8 4 (—2).

The first number is —8. Since it’s negative, it’s like you lost 8 dollars while gambling at the casino this
morning.

The second number is —2. Since it’s negative, it’s like you lost 2 dollars again while gambling in the casino
this afternoon.

Since you lost twice, you ended up losing a lot, implying the answer is negative.

Since you lost 8 dollars and then lost 2 dollars, it makes sense that you lost a total of 10 dollars. So the final
answer is: —8 + (—2) = —10.

Correct Answers:
« —10
e —11
e -0

12



1.2 Statements

Problem 1.2 (1) (1 point)

For each of the following choose the comparison symbol that yields a true statement:

-53 94

[select: |=| # |[<|>] > | <]
85 85

[select: |=| # |<|>| > | <]
Problem 1.2 (2)

For each line select the comparison than yields a true statement:

119 54
[select: | isless than | is equal to | is less than or equal to | is greater than or equal to | cannot be
compared to ]

93 119
[select: | islessthan | is equal to | is less than or equal to | is greater than or equal to | cannot be
compared to ]

Problem 1.2 (3)

For each line select the comparison than yields a true statement:

-40 -500
[select: | isless than | is equal to | is greater than | cannot be compared to ]

-109 -293
[select: | isless than | is equal to | is greater than | cannot be compared to ]

-293 -17
[select: | is less than or equal to | is equal to | is greater than or equal to | cannot be compared to ]

Problem 1.2 (4)

13



For each of the following decide whether it is a statement.
If it is a statement decide whether it is a true or false.

1. 25+9 £ 375

2. 15-(25-9)

3. 9+25

4, (25+425)-15
Problem 1.2 (5)

Determine which of the following are mathematical statements.
For the statements decide whether they are true or false.

1. 26 < 26

2. 13> 13

3. 13— (-26)

4, —26 > 26
Problem 1.2 (6)

Determine which of the following are mathematical statements.
Recall that a statement is either true or false.

1. —29—-28

2 7=128

3 28-(—29)

4 7>7
Problem 1.2 (7)

Enter a T or an F in each answer space below to indicate whether the corresponding statement is true or
false.
You must get all of the answers correct to receive credit.

_ 1. —4<-7
_ 2. -9< -9
_ 3. —4>-7

14



4. -8>-8

Notice that if one of your answers is wrong then, in this problem, WeBWorK will tell you which parts are
wrong and which parts are right. This is the behavior for most problems, but for true/false or multiple choice
questions WeBWorK will usually only tell you whether or not all the answers are correct. It won’t tell you
which ones are wrong. The idea is to encourage you think rather than to just try guessing.

In every case all of the answers must be correct before you get credit for the problem.

15



Solutions

Problem 1.2 (1) Correct Answers:

e <

Problem 1.2 (2) Correct Answers:

* is greater than or equal to
* is less than

Problem 1.2 (3) Correct Answers:

* is greater than
* is greater than
* is less than or equal to

Problem 1.2 (4) Correct Answers:

True Statement

Not a Statement
Not a Statement
Not a Statement

L]

Problem 1.2 (5) Correct Answers:

]
T Z = T

Problem 1.2 (6) Correct Answers:

* N

L]
©nzZzwn

Problem 1.2 (7) Correct Answers:

L]

L]
—= = ™™

16



1.3 Variables

Problem 1.3 (1) (1 point)

Leta:=7and n:=3 and j := 11. Evaluate the following:

n+(a+j)=_
(nta)+j=—
(a-j)—(n-j)=—
(a—n)-j=__
(a-n)—j=—
n-(a—j)=—

Problem 1.3 (2) (1 point)
Let f :=2 and ¢ := 4. Evaluate the following:
(=6)-(ff)=—

(f—a) (f—a)+8=—

(8- f)—(6-q)=—

(g=5)+(6-f)=——

Problem 1.3 (3) (1 point)
Letd := —4.

Decide which of the following are statements, true statements, or false statements.

17



1. _ _d=-4

2. d<3
3. 3=d
4, 3.4

Problem 1.3 (4) (1 point)

Let x be an integer. Match the statements below by entering the letter of the corresponding statement on the
right.

_ 1. xis greater than or equal to 4 A.0<x
__ 2. xis anatural number B.x#1
__ 3. xis anegative integer C.x>1
__ 4. xisnotequalto 1 D.x<-1
__ 5. xis greater than 1 E.x>4

Problem 1.3 (5) (1 point)
Decide whether the following statements are true or false.
If the statement is false give a counterexample by finding a value for ¢ for which the statements is false.

If the statement is true leave the box for ¢ empty.

(1) For all integers a, b, and ¢ we have a+ (b+c¢) =a+ (b+c¢).
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a=6,b=8,c=___.

(2) For all integers a, b, and ¢ we have a — (b+c¢) = (a—b) +c.
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a=6,b=8,c=__

(3) If a, b, and c are integers thena — (b —c¢) = (a—b) —c.
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a=6,b=8,c=___
(4)If a, b and c are integers thena- (b-¢) = (a-b) - c.

18



[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a =6,b=38,c=___.

Problem 1.3 (6) (1 point)
Decide whether the following statements are true or false.

If the statement is false give a counterexample by finding value for the variable for which the statement is
false.

if statement is true leave the box empty.

(1) For all integers a and b we havea—b=>b—a.
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a =4, b=___

(2) For all integers a, b, and ¢ we have a — (b+c¢) = (a—b) +c.
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a=4,b=5,c=___

(3) For all integers a, b, and ¢ we have a- (b+c¢) =a-b+a-c.
[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: a=___, b =15, c =4.

Problem 1.3 (7) (1 point)

The additive inverse of 14876 is

Problem 1.3 (8) (1 point)

Anwer each of the following questions by T (for true) or F (for false).

If you answer true you are saying that the equation is true for all integers a, b, and c.

If you find working with letters confusing you can test your ideas by checking the equations for some special
values, such asa =3, b =4, and c = 5. If you do not get equality for such a special case, the equation cannot
be true for all integers a, b, and c. If it is true for some special values, it still could be false in general. For
example, all these equations are true fora =0, b =0, and ¢ = 0.

D)(a+b)+c=a+(b+c)is .

19



ii)(a—b)—c=a—(b—c)is —
i) (a—b)+c=a—(b+c)is .
iv) (a+b)—c=a+(b—c)is __

v)(a-b)-c=a-(b-c)is __.

Problem 1.3 (9) (1 point)

Match the statements below by entering the letter of the corresponding name of the property on the right.

__ 1. For all integers a and b we have a-b=b-a. A. Distributive property
___ 2. For all integers a, b, and ¢ we have a+ (b+c) = (a+b) +c. B. Commutative property of
multiplication

___ 3. Forallintegers a, b, and ¢ we have a- (b+c¢) = (a-b)+(a-c). C. Associative property of addition

Problem 1.3 (10) (1 point)
Decide whether the following statements are true or false.
If the statement is true provide a witness, that is, a value for the variable a for which the statement is true.

If the statement is false leave the field for the variable empty.

(1) There exists an integer a such thata-5 = 1.
[select: | The statement is true. | The statement is false. ]

If the statement is true, give an integer for which it is true: a =

(2) There exists a natural number a such that 14-a = 1.
[select: | The statement is true. | The statement is false. ]

If the statement is true, give a natural number for which it is true: a =___

(3) There exists a natural number a such that a < 0.
[select: | The statement is true. | The statement is false. ]

If the statement is true, give a natural number for which it is true: a =___

(4) There exists an integer a such that 2 > a.

20



[select: | The statement is true. | The statement is false. ]

If the statement is true, give an integer for which it is true: a =

Problem 1.3 (11) (1 point)
Let a and b be integers.

Match the expressions to the terminology by entering the correct letters from the left column in the right
column.

_l.a-b A. the sum of a and b

__ 2. a+b B. the square of a
__3.ab C. the difference of a and b
_ 4.4 D. the product of a and b

21



Solutions

Problem 1.3 (1) Correct Answers:

Hint: Knowing the properties of addition and multiplication can save some work.

Correct Answers:

. 21
. 21
. 4
. 4
. 21
. 21
. 44
. 44
. 10
. —12

Problem 1.3 (2) Correct Answers:

. —24
.12
. -8
. 11

Problem 1.3 (3) Correct Answers:

e T
e T
* F
* N

Problem 1.3 (4) Correct Answers:

* E
A
D
*B
e C

Problem 1.3 (5) Correct Answers:

(1) The statement is true. There is no counterexample.
(2) The statement is false.
All integers c except for ¢ = 0 yield a counterexample.
For example for ¢ = 2 we get

a—(b+c)=6—(8+2)=6—10=—4

and
(a—b)+c=(6-8)+2=-24+2=0

so that
a—(b+c)=—-4#0=(a—b)+c

22



(3) The statement is false.
All integers ¢ except for ¢ = 0 yield a counterexample.
For example for ¢ = 3 we get

a—(b—c)=6—(8-3)=6-7=—1

and
(a—b)—c=(6—-8)—3=-2-3=-5

so that
a—(b+c)=—1#-5=(a—b)—c

(4) The statement is true. There is no counterexample.

Problem 1.3 (6) Correct Answers:

(1) The statement is false.
All integers b except for b = 4 yield a counterexample.
For example for b =2 we get
a—b=4-0=14

and

so that
a—b=4#—-4=b—a.

(2) The statement is false.
All integers b except for ¢ = 0 yield a counterexample.
For example for ¢ = 5 we get

a—(b+c)=4—(5+5)=4—10=—6

and
(a—b)+c=(4-5)+5=—1+5=—4

so that
a—(b+c)=—-6#—4=(a—b)+c.

(3) The statement is true. There is no counterexample.

Problem 1.3 (7) Correct Answers:
Hint: The additive inverse of an integer m is the integer n such that m+n = 0.

Correct Answers:

* —14876

Problem 1.3 (8) Correct Answers:
Solution:

i) (a+b)+c=a+(b+c)isis called the associative law of addition and is true for any values of a,b, and c.

ii) (a—b)—c=a—(b—c)isfalse. (a—b)—c=a—b—cbuta—(b—c)=a—b+c.
This is one of the reasons that one of the rules for order of operations includes evaluating unparenthesized

23



additions and subtractions from left to right.
We will see more such reasons.

iii) (a—b)+c=a—(b+c)isfalse. (a—b)+c=a—b+cbuta—(b+c)=a—b—c.
iv) (a+b) —c=a+ (b—c) is true since both are equal to a+b — ¢

V) (a-b)-c=a-(b-c) is called the associative law of multiplication and is true for all values of a,b, and c.

Correct Answers:

e T
e F
* F
e T
e T

Problem 1.3 (9) Correct Answers:
* B

e C
A

Problem 1.3 (10) Correct Answers:

The Statement is false N/A
The Statement is false N/A
The Statement is false N/A
The statement is true 1

Problem 1.3 (11) Correct Answers:

o>

24



1.4 Exponentiation

Problem 1.4 (1) (1 point)
Compute:

0°=__

16 =

20=_

Problem 1.4 (2) (1 point)
Compute:

40=_

4l=_

42=_

3=__

410 =

Problem 1.4 (3) (1 point)

25



Complete this operation table for exponentiation. In each table cell enter the heading b of the row to the
heading n of the column.

2 - _
1 - .
0 1 - _— 0
1 1 | I |
2 . 4 __ 16

Problem 1.4 (4) (1 point)

Compute (—7)* =

Problem 1.4 (5) (1 point)

Match the expression that are equal for all integers a and b and all non-negative integers n and m. Enter the
letters next to the numbers.

__ 1. (a-b)" A.d
__ 2. a-a B. a?
— 3. (a")" C.a
4.4 D. 1
_ 54 E.a"-b"
__6. g+t F.a"-a"
T a-a-a G.a""

Problem 1.4 (6) (1 point)

Match the expression that are equal by entering the letters next to the numbers.

26



_ 1. 2107%¢ A. 7456210

__ 2. 7456! B. 14746 1415
3. 147456+15 C.1

__ 4. 7456° D. 7456

5. 14(157456) E. 7456 - 7456
6. (74561 F. (1415)746
7. 74562 G. 157456 . 147456

Problem 1.4 (7) (1 point)
Use the properties of exponents to simplify the following.

To enter an answer of the form (‘x‘"c) you enter the answer in the form x * ¢, where c is an integer.

7 182

Problem 1.4 (8) (1 point)
Use the properties of exponents to simplify the following. Do not evaluate.

The answer will be of the form 3*. Enter the answer in the form 3 * x, where x is an integer.

36.32=

Problem 1.4 (9) (1 point)
Use the properties of exponents to simplify the following.

Enter the solution in the form 6"x (to express 6 to the x) where x is an integer.

(6=

Problem 1.4 (10) (1 point)

Use the properties of exponents to simplify the following

Y1820 —

27



The answer will be of the form y*. Enter the answer in the form y * x, where x is an integer.

Problem 1.4 (11) (1 point)
Use the properties of exponents to simplify the following
11
(%)

Example: Enter y* as y 4.

Problem 1.4 (12) (1 point)

Decide whether the following statements are true or false.

If the statement is false give a counterexample.

(i) For all integers a and b we have (a-b)*> = b*-a?.

[select: | The statement is true. | The statement is false. ]

Give a counterexample if the statement is false: a =2, b=___

(i) For all integers a and b we have a'a®> =ad’.

[select: | The statement is true. | The statement is false. ]
Give a counterexample if the statement is false: a =2, b=___
(iii) For all natural numbers n we have (2+7)" =2"+7".

[select: | The statement is true. | The statement is false. ]

If the statement is false, give a counterexample: n =___

Problem 1.4 (13) (1 point)

V/49391985883818302 is:

Problem 1.4 (14) (1 point)

V218106371046794222 is:

28



Solutions

Problem 1.4 (1) Correct Answers:

* 0

L
64

* 729
4096
15625

Problem 1.4 (2) Correct Answers:

o 1

* 16

* 64

* 256

* 1024

* 4096

* 16384

* 65536

* 262144
* 1048576

Problem 1.4 (3) Hint: Let b be an integer and let n be a natural number. The n-th power of b is:

b = b-b-----. b .

n copies of b

Furthermore we define #° = 1.

Evaluate the powers to complete the table:
b" 0 1 2 3 4

Correct Answers:

—_— e

Problem 1.4 (4) Correct Answers:

29



* 2401

Problem 1.4 (5) Correct Answers:

> T Qg Qwm

Problem 1.4 (6) Correct Answers:

my>Tawoa

Problem 1.4 (7) Correct Answers:
Solution:

We add the exponents as follows

7. .18 x7+18

x'-x®=

— x5

Correct Answers:
o (5

Problem 1.4 (8) Correct Answers:
Solution:

We add the exponents as follows

36 . 32 — 36+2

—38

Correct Answers:

038

Problem 1.4 (9) Correct Answers:
Solution:

We multiply the exponents as follows



(66)6 — 56
_ 636

Correct Answers:

. 636

Problem 1.4 (10) Correct Answers:

Solution:

We add the exponents as follows

18 .20 __ 18+20
y oy =y

38

Correct Answers:

R

Problem 1.4 (11) Correct Answers:

Solution:

We multiply the exponents as follows

(y4)11 :y4-11
44

Correct Answers:

. y44

Problem 1.4 (12) Correct Answers:

¢ The statement is true. N/A
¢ The statement is true. N/A
¢ The statement is false. 1

Problem 1.4 (13) Correct Answers:

* 4939198588381830

Problem 1.4 (14) Correct Answers:

* 21810637104679422
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4
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2.2 return

Problem 2.2 (1) (1 point)

Complete the algorithm and find the output for the given input values.

Algorithm

Input: [select: | two integers g and h | an integer g | an integer h | nothing ]
Output: the product of g and h

(1) return g-h

Find the output of the algorithm for the input g:=8andh:=9:_

Find the output of the algorithm for the input g:=1andh:=-2: ___
Find the output of the algorithm for the input g:=6andh:=4:___

Problem 2.2 (2) (1 point)

Complete the algorithm and find the output for the given input values.

Algorithm

Input: [select: | two integers e and b | an integer e | an integer b | nothing ]
Output: the sum of e and b

(1) return e+b

Find the output of the algorithm for the inpute :=-6 andb:=-2: ___

Find the output of the algorithm for the inpute :=7and b :=-1: __
Find the output of the algorithm for the inpute :==4andb:=2:___

Problem 2.2 (3) (1 point)

Complete the algorithm:

Algorithm

Input: an integer i

33



Output: [select: | the sumofiandf | the difference of i and f | the product of i and f | the negative
of i | the integer 29 ]

(1) return -i

Find the output of the algorithm for the input i:=-8: ___
Find the output of the algorithm for the input i:=1: ___
Find the output of the algorithm for the input i:=-10: __

Problem 2.2 (4) (1 point)

Complete the algorithm:

Algorithm

Input: an integer i
Output: the integer 28

(1) return [select: | i+h | i-h | -i | 28]
Find the output of the algorithm for the input i:=-2: ___

Find the output of the algorithm for the input i:=7: ___
Find the output of the algorithm for the input i:=-10: ___

Problem 2.2 (5) (1 point)

Complete the algorithm:

Algorithm

Input: two integers ¢ and h

Output: [select: | the sum of c and h | the difference of c and h | the product of c and h | the
negative of ¢ | the integer 3 ]

(1) return c-h

Find the output of the algorithm for the input ¢:=7 and h:=10: _
Find the output of the algorithm for the input c:=18 and h:=19: ___
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Find the output of the algorithm for the input c:=-1 and h:=1: __
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Solutions

Problem 2.2 (1) Correct Answers:

* two integers g and h
e 72
« 2
24

Problem 2.2 (2) Correct Answers:

* two integers e and b
e -8

* 6

e 6

Problem 2.2 (3) Correct Answers:

* the negative of i
* 8

e —1

* 10

Problem 2.2 (4) Correct Answers:

* 28
e 28
* 28
e 28

Problem 2.2 (5) Correct Answers:

¢ the product of ¢ and h
* 70

* 342

o —1
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2.3 if-then

Problem 2.3 (1) (1 point)
Consider the algorithm:
Algorithm

Input: Two integers a and b.

(1) if a < b then return a
(2) return b

What does the algorithm return when the inputisa=—-30and b= —-887
What does the algorithm return when the inputisa =—-55and b =137 ____

What does the algorithm return when the inputisa =—-5landb=07? ____

What is the Output of the algorithm ?

A. The minimum of a and b

B. The sum of a and b

C. The maximum of a and b

D. The absolute value of a

E. The greatest common divisor of a and b

Problem 2.3 (2) (1 point)

Consider the algorithm:

Algorithm
Input: Two integers a and b.
(1) if a < b then return a,b

(2) return b,a

What does the algorithm return when the inputisa =80 and b =837 ____
What does the algorithm return when the inputisa = —46andb=-297
What does the algorithm return when the inputisa=—10and b=597 ____

Problem 2.3 (3) (1 point)

Consider the algorithm:
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Algorithm
Input: An integer a
(1) if a < 0 then return a

(2) return —a

What does the algorithm return when the inputisa =267

What does the algorithm return when the inputisa =—-167 ____
What does the algorithm return when the inputisa =—457
What does the algorithm return when the inputisa=—-797?

What does the algorithm return when the input is an integer a ?

L]

A. The maximum of a and 0.

B. The negative of the absolute value of a
C. The integer a

D. The absolute value of a

E. The reciprocal of a

F. The negative of a

G. The factorial of a

Problem 2.3 (4) (1 point)
Consider the algorithm:
Algorithm

Input: Two integers a and b.

(1) if a > b then return a
(2) return b

What does the algorithm return when the inputisa = —16and b =527
What does the algorithm return when the inputisa = —61 and b= —-807?7 ___

What does the algorithm return when the inputisa =89 andb=—-57

What is the Output of the algorithm ?

A. The absolute value of a

B. The sum of a and b

C. The minimum of a and b

D. The maximum of a and b

E. The greatest common divisor of a and b

L]
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Problem 2.3 (5) (1 point)
Consider the algorithm:
Algorithm

Input: Two integers a and b.

(1) if a > b then return a
(2) return b

What does the algorithm return when the inputisa =—-86andb=37 ____
What does the algorithm return when the inputisa=7landb =527
What does the algorithm return when the inputisa=—-91andb=-707 ____

What is the Output of the algorithm ?

A. The sum of @ and b

B. The greatest common divisor of @ and b
C. The minimum of a and b

D. The maximum of a and b

E. The absolute value of a
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Solutions

Problem 2.3 (1) Correct Answers:

* —88
e —55
e 51
c A

Problem 2.3 (2) Correct Answers:

. 80,83
. —46,-29
« —10,59

Problem 2.3 (3) Correct Answers:

e —26
* —16
e —45
e —79
* B

Problem 2.3 (4) Correct Answers:

e 52
« —61
* 89
D

Problem 2.3 (5) Correct Answers:

*3

« —70
D
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24 let

Problem 2.4 (1) (1 point)

Consider the algorithm:

Algorithm
Input: Two integers a and b.

()let c:=a—>b
(2) return ¢

What does the algorithm return when the inputisa=0and b=-57
What does the algorithm return when the inputisa=—4andb=17 ____
What does the algorithm return when the inputisa=18andb=—-67 ___
What does the algorithm return when the inputisa=8andb=-77 ___

Problem 2.4 (2) (1 point)

Consider the algorithm:

Input: An integer a.

(let b:=a-a

2)let c:=b-b

(3) return a-c

What does the algorithm return when the inputisa=—-27?
What does the algorithm return when the inputisa =07 ___

What does the algorithm return when the inputisa =57

What does the algorithm return when the input is an integer a?

Problem 2.4 (3) (1 point)
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Consider the algorithm:

Algorithm
Input: An integer a.

(et c:=a
2)let c:=c+9
B)let c:=c+4
(4) return ¢

What does the algorithm return when the inputisa=—47
What does the algorithm return when the inputisa=—-8?
What does the algorithm return when the inputisa=—47

What does the algorithm return when the inputisa=27

Problem 2.4 (4) (1 point)

Consider the algorithm:

Algorithm
Input: Two integers a and b.

(Dlet c:=a+b
2)let d:=a-b
B)let e:=d—c¢
(4) return ¢

What does the algorithm return when the inputisa=—-2andb=07 ___
What does the algorithm return when the inputisa=10andb=47 ____
What does the algorithm return when the inputisa=14andb=-97 ___
What does the algorithm return when the inputisa=—-4andb=—-47 ____

Problem 2.4 (5) (1 point)

Consider the algorithm:

Algorithm
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Input: Two integers a and b.

(et c:=a-b
(2) return ¢

What does the algorithm return when the inputisa=2and b=-77 ____
What does the algorithm return when the inputisa=—-4andb=27____
What does the algorithm return when the inputisa=—4andb=-57
What does the algorithm return when the inputisa=1landb=27
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Solutions

Problem 2.4 (1) Correct Answers:

*5
e -5
* 24
* 15

Problem 2.4 (2) Correct Answers:

e 32
* 0
3125
* A

Problem 2.4 (3) Correct Answers:

L]

.
— O WL O

5

Problem 2.4 (4) Correct Answers:

.2
.14
.5
. -8

Problem 2.4 (5) Correct Answers:

. —14
. -8
. 20
)
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2.5 repeat-until

Problem 2.5 (1) (1 point)

Consider the algorithm:

Algorithm
Input: A natural number n

(Dlet c:=n

(2) repeat
—(@)let c:=c+4
(3) until ¢ > 25

(5) return ¢

What does the algorithm return when the inputisn =11 ?
What does the algorithm return when the inputisn =7 ?
What does the algorithm return when the inputisn =6 ?

Problem 2.5 (2) (1 point)
Consider the following algorithm.
Algorithm Factorial

Input: A natural number n

Output: n!

(DHlet f:=1

(2) repeat
—()let f:=f-n
— M) let n:=n—1
B)until n=0

(4) return f

Now use the algorithm to compute the factorial of n = 4.
Input: A natural numbern=__.
(1) let f:=1.

(2) repeat
—()let f:=f-n=__
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—Mb)let n:=n—1=__

(3) Because the statement n = 1 is false, the loop is repeated. We continue with step (2).
(2) repeat

—@let f:=f-n=__

—M)let n:=n—1=__

(3) Because the statement n = 1 is false, the loop is repeated. We continue with step (2).
(2) repeat

—(let f:=f-n=__

—M)let n:=n—1=__

(3) Because the statement n = 1 is true, the loop ende. We continue with step (4).
(4) return f

Output: f=___

Problem 2.5 (3) (1 point)

Consider the following sequence of instructions:

Input: A natural number n

(1) repeat

—(a)let n:=n+7
2) until n <7

(3) return n

What does this return when the input is a natural number n ?

A . —n+7

B. (7)"

C. The remainder of the division of n by 7.

D. The difterence of the first n natural numbers and 7.
E. The greatest common divisor of 7 and n

F. Nothing, it never finishes the computation

G.7-n

Problem 2.5 (4) (1 point)
Consider the algorithm:

Input: A natural number n
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(Dlet ¢c:=0

2)let i:=0

(3) repeat

—(@)let i:=i+1
—(b)let c:=c+i?
@A until i=n

(5) return ¢

What does the algorithm return when the inputisn =27 ___
What does the algorithm return when the inputisn =37 ___
What does the algorithm return when the inputisn =57 ___

What does the algorithm return when the input is a natural number n?

o A.n?

B. The product of the first n natural numbers
C.(2-3)"

D. The sum of the first #» natural numbers.

E. The sum of the first n squares.

E 2"

L]

Problem 2.5 (5) (1 point)
Consider the algorithm:
Input: A natural number n

(Dlet c:=1

(2) repeat

—(@)let c:=c-n
— (M) let n:=n—1
B3)until =0

(4) return ¢

What does the algorithm return when the inputisn =2 ?
What does the algorithm return when the inputisn =4 ?
What does the algorithm return when the inputisn =16 ?

What does the algorithm return when the input is a natural number n?

* A. The sum of the first n natural numbers.
* B.(2-3)"
C. The sum of the squares of the first n natural numbers.
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« D.2"
* E. The product of the first n natural numbers.

Problem 2.5 (6) (1 point)

Consider the algorithm:

Algorithm
Input: A natural number n

(Dlet c:=n

(2) repeat
—(@)let c:=c+4
3) until ¢ > 10

(5) return ¢

What does the algorithm return when the inputisn =35 ?
What does the algorithm return when the inputisn =4 ?
What does the algorithm return when the inputisn =3 ?

Problem 2.5 (7) (1 point)

Consider the following sequence of instructions:

Input: A natural number n

(1) repeat

—(a)let n:=n-+6
2)until n <6

(3) return n

What does this return when the input is a natural number n ?

A. The remainder of the division of n by 6.
B.—n+6

C.6:n

D. The greatest common divisor of 6 and n

E. Nothing, it never finishes the computation

F. The difference of the first #» natural numbers and 6.
G. (6)"

L]

L]
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Solutions

Problem 2.5 (1) Correct Answers:

e 27
e 27
* 26

Problem 2.5 (2) Correct Answers:

L]

4
4
e 3
12
2
e 24
o 1
e 24

Problem 2.5 (3) Correct Answers:

* F

Problem 2.5 (4) Correct Answers:

*5
e 14
* 55
* E

Problem 2.5 (5) Correct Answers:

e 2
e 24
* 720
* E

Problem 2.5 (6) Correct Answers:

e 13
e 12
e 11

Problem 2.5 (7) Correct Answers:

* E
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2.6 Exponentiation Algorithm

Problem 2.6 (1) (1 point)

Exponentiation

With the exponentiation algorithm find 33.
Input: Baseb:=__ anexponentn:=___

let :=0andlet c:=1.

let i:=i+1=___andlet c:=c-3=__.
let 1:=i+1=___andlet c:=c-3=__.
let i:=i+1=___andlet c:=c-3=__.

Because the statement i = 3 is true, we end the loop.

Output: ¢c=___

Problem 2.6 (2) (1 point)

Consider the algorithm:

Algorithm
Input: A non-negative integer n

(1) if n =0 then return 1

2)let c:=1
B)let i:=0
(4) repeat

—(@)let i:=i+1
—(b)let c:=c-(-3)
S)until i=n

(6) return ¢

What does the algorithm return when the inputisn =07 __
What does the algorithm return when the inputisn =37 ___
What does the algorithm return when the inputisn =57 ___
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What does the algorithm return when the input is a non-negative integer n ?

e A.—n—3

* B. The remainder of the division of n by —3.

L]

C.(-3)n
D. (=3)"

E. The difference of the first » natural numbers and -3.
F. The greatest common divisor of —3 and n

Problem 2.6 (3) (1 point)

Consider the algorithm:

Algorithm

Input: An integer y and a natural number m

(1)if y=1 then return 1

2)let c:=1
B)let i:=0

(4) repeat
—(@)let i:=i+1
—(b)let c:=c-y

S)until i=m
(6) return ¢

What does the algorithm return when the inputisy =3 and m =47 ___
What does the algorithm return when the inputisy=2andm=37? __
What does the algorithm return when the inputisy=3andm=37? __

What does the algorithm return when the input is an integer y and a natural number m ?

A. the greatest common divisor of y and m
B. m to the y-th power

C. y to the m-th power

D. the product of y and m

E. the remainder of the division of y by m
F. the product of the integers from y to m

Problem 2.6 (4) (1 point)

Consider the algorithm:

Algorithm
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Input: A natural number n

(Dlet c:=1
2)let i:=0

(3) repeat
—(@)let i:=i+1
— () let c:=c-i

@D until i=n
(5) return ¢

What does the algorithm return when the inputisn=1?
What does the algorithm return when the inputisn =4 ?
What does the algorithm return when the inputisn =35 ?

What does the algorithm return ?

¢ A. The sum of the first n natural numbers.

* B.(2-3)"

* C. The product of the first n natural numbers.
e« D.2"

Problem 2.6 (5) (1 point)
Consider the algorithm:
Input: A natural number n

(Dlet c:=1

(2) repeat

—()let c:=c-n
—M)let n:=n—1
B3)until =0

(4) return ¢

What does the algorithm return when the inputisn =2 ?
What does the algorithm return when the inputisn =4 ?
What does the algorithm return when the inputisn =26 ?

What does the algorithm return when the input is a natural number n?

* A. The sum of the first n natural numbers.
* B. The product of the first n natural numbers.
e C.(2-3)"
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« D.2%"

* E. The sum of the squares of the first n natural numbers.

Problem 2.6 (6) (1 point)

Consider the algorithm:

Algorithm
Input: A natural number m

(1) if m =0 then return 1

2)let c:=1
3)let i:=0

(4) repeat
—(a)let i:=i+1
— () let c:=c-4

S)until i=m
(6) return ¢

What does the algorithm return when the input is m
What does the algorithm return when the input is m
What does the algorithm return when the input is m

What does the algorithm return ?

o A 4"

* B.4-m

« C.m*

e D.—n

e E.m!

F —-4+m

L]

=07__
=37__
=57__
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Solutions

Problem 2.6 (1) Correct Answers:

Problem 2.6 (2) Correct Answers:

e 1
e 27
—243
*D

Problem 2.6 (3) Correct Answers:

* 81
e 8

e 27
e C

Problem 2.6 (4) Correct Answers:

e 1
e 24
* 120
e C

Problem 2.6 (5) Correct Answers:

L
e 24
* 720
* B

Problem 2.6 (6) Correct Answers:

Correct Answers:

.1
. 64
. 1024
. A
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Chapter 3

Division

[

. IQuotients and Remainders|

2. [Division Algorithm|

. [Operation mod

W

N

5. [Clock Arithmetid
6. [SBN
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3.1 Quotients and Remainders

Problem 3.1 (1) (1 point)
Find the quotient and remainder of the division of 27 by 9.
The quotientis .

The remainderis .

Problem 3.1 (2) (1 point)

Find the quotient and remainder of the division of 25 by 8.

The quotient is

The remainder is ___

Let g be the quotient and let r the remainder. Enter thses values in the correct box below.

Wehave 25=¢g-8+r=__ -84+ __.

Problem 3.1 (3) (1 point)

Find the quotient and remainder of the division of 24 by 6.

The quotientis

The remainder is

Let g be the quotient and let r the remainder. Enter thses values in the correct box below.

Wehave24 =¢q-6+r=__ -6+ ___.

Problem 3.1 (4) (1 point)

We have:

36=4-9+0

Find the quotient and remainder of the division of 36 by 9.
The quotientis .

The remainderis .
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Problem 3.1 (5) (1 point)

We have:

228628410848 = 375405 - 609018 + 8558

Find the quotient and remainder of the division of 228628410848 by 609018.
228628410848 div 609018 = .

228628410848 mod 609018 = .

Problem 3.1 (6) (1 point)

We have:

19=6-3+1

Find the quotient and remainder of the division of 19 by 3.
The quotientis .

The remainderis .

Problem 3.1 (7) (1 point)

We have:

252125356168 = 388383 - 649166 + 317590

Find the quotient and remainder of the division of 252125356168 by 649166.
252125356168 div 649166 = ___.

252125356168 mod 649166 = .
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Solutions

Problem 3.1 (1) Correct Answers:

3
* 0

Problem 3.1 (2) Correct Answers:

]
—_— L) = W

Problem 3.1 (3) Correct Answers:

.
S R~ O B~

Problem 3.1 (4) Correct Answers:

.4
<0

Problem 3.1 (5) Correct Answers:
Hint: Let a be an integer and b a natural number.

Suppose a = b - g+ r with 0 < r < b. Then the quotient is ¢ = adivb and the remainder is » = a mod b.
In this problem a = 228628410848 and b = 609018.

Correct Answers:

* 375405
» 8558

Problem 3.1 (6) Correct Answers:

* 6
1

L]

Problem 3.1 (7) Correct Answers:

Hint: Let a be an integer and b a natural number.

Suppose a = b - g+ r with 0 < r < b. Then the quotient is ¢ = adivb and the remainder is » = a mod b.
In this problem a = 252125356168 and b = 649166.

Correct Answers:

» 388383
* 317590
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3.2 Division Algorithm

Problem 3.2 (1) (1 point)

Division

Let a := 47 and let b := 10. With the division algorithm find a div b and r = @ mod b.
Input: a=__andb=__.

let g:=0andlet r:=a=__.

let g:=g+1=__andlet r:=r—10=__.
let g:=g+1=__andlet r:=r—10=__.
let g:=g+1=__andlet r:=r—10=__.
let g:=g+1=__andlet r:=r—10=__.

Because r < b the loop ends here.

Output: The quotient g = and the remainder r = __

Problem 3.2 (2) (1 point)

Find the quotients and remainders:

10div4 = and
10mod4=___
12 div 6 = and
12mod6=____
17 div 8 = and
17mod8=___
34 div2 = and
34mod2=____
32div2 = and
32mod2=____

Problem 3.2 (3) (1 point)

Find the quotients and remainders:
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6div7 = and
6mod7=___
-32div8 = and
32mod8=__
19div5 = and
1I9mod5=___
27div3 = and
27mod3=__

Problem 3.2 (4) (1 point)

Division

Let a := 67 and let b := 6. With the division algorithm find a div b and r = a mod b.
Input: a=__andb=__.

let g:=0andlet r:=a=__.

let g:=gq+1=__andlet r:=r—6=__.
let g:=g+1=__andlet r:=r—6=__.
let g:=g+1=__andlet r:=r—6=__.
let g:=gq+1=__andlet r:=r—6=__
let g:=gq+1=__andlet r:=r—6=__.
let g:=gq+1=__andlet r:=r—6=__.
let g:=gq+1=__andlet r:=r—6=__
let g:=g+1=__andlet r:=r—6=__.
let g:=gq+1=__andlet r:=r—6=__.
let g:=gq+1=__andlet r:=r—6=__.
let g:=g+1=__andlet r:=r—6=__.

Because r < b the loop ends here.
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Output: The quotient g = ___ and the remainder r = ___

Problem 3.2 (5) (1 point)

Division

Let a := —77 and let b := 14. With the division algorithm find a div » and r = a mod b.
Input: a=__andb=__.

let g:=0andlet r:=a=__.

let g:=g—1=__andlet r:=r+14=__.
let g:=gq—1=__andlet r:=r+14=__.
let g:=g—1=__andlet r:=r+14=__.
let g:=g—1=__andlet r:=r+14=__.
let g:=g—1=__andlet r:=r+14=__.
let g:=gq—1=__andlet r:=r+14=__.

Because r > 0 the loop ends here.

Output: The quotient g = ___ and the remainder r = __

Problem 3.2 (6) (1 point)

Division

Let a := 92 and let b := 26. With the division algorithm find a div b and r = @ mod b.
Imput: a=__andb=__.

let g:=0andlet r:=a=__.

let g:=g+1=__andlet r:=r—26=__.
let g:=g+1=__andlet r:=r—-26=__.
let g:=g+1=__andlet r:=r—26=__.

Because r < b the loop ends here.
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Output: The quotient g = ___ and the remainder r = ___

Problem 3.2 (7) (1 point)

Consider the algorithm:

Algorithm
Input: A natural number » and a natural number m

(1) if n < m then return n
(2) repeat

—()let n:=n—m,
B)until n<m

(4) return n

What does the algorithm return when the inputisn:=4andm: =27 ___
What does the algorithm return when the inputisn:=4andm:=27 __
What does the algorithm return when the inputisn:=6andm: =27 ___

What does the algorithm compute ?

A.—n+m

B. The quotient of the division of n by m.

C. (m)"

D. The remainder of the division of n by m.

* E.m-n

F. The difference of the sum of the first n natural numbers and m.

L]

Problem 3.2 (8) (1 point)

Consider the algorithm:

Algorithm

Input: A natural number n

(I)let ¢:=0
(2) if n < 2 then return c
(3) repeat

—@let n:=n—-2
—(b)let c:=c+1
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(4) until n <2
(5) return ¢

What does the algorithm return when the inputisn: =47 ___
What does the algorithm return when the inputisn:=57 ___
What does the algorithm return when the inputisn: =67 __
What does the algorithm return when the inputisn:=137? ___

What does the algorithm return ?

e A2-n

B. (2)"

C. The remainder of the division of n by 2.

D. The difference of the sum of the first #» natural numbers and 2.
E. The quotient of the division of n by 2.

F —n+2

L]

Problem 3.2 (9) (1 point)

Consider the division algorithm:

Algorithm

Input: A natural number n and a natural number m
Output: A natural number ¢ and a natural number r such that gm+r=nand 0 < r < m.

(1) if n < m then return 0,n

2)let g:=0
@Dlet r:=n
(4) repeat

—@)let r:=r—m
—(b)let g:=qg+1
S)until r<m
(6) return g,r

What does the algorithm return when the inputisn:=3 andm:=27?
g=— _and r=__

What does the algorithm return when the inputisn:=5and m:=3?
g=— _and r=__

What does the algorithm return when the inputis n:= 13 andm:=5?
g= _andr=___

63



What does the algorithm return when the inputisn:=7and m:=2?
g=— _and r=__

Problem 3.2 (10) (1 point)

Consider the algorithm:

Algorithm

Input: A natural number n

(1) if n < 5 then return n
(2) repeat

—(a)let n:=n-5,
3)until n<5

(4) return n

What does the algorithm return when the inputisn:=57 __
What does the algorithm return when the inputisn:=77 ___
What does the algorithm return when the inputisn:=157? ___
What does the algorithm return when the inputisn:=33? ___

What does the algorithm return ?

A —n+5

B. The remainder of the division of n by 5.

C. The difference of the first n natural numbers and 5.
D. (5)"

E. The quotient of the division of n by 5.

E5-n

Problem 3.2 (11) (1 point)

Let a be an integer and let b be a natural number. Match the expressions to the terminology.
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. the square root of a
. the remainder of the division of a by b

. the quotient of the division of a by b

. the sum of g and b

A
B
C
D. a ato the b-th power
E
F. the product of a and b
G

. the difference of a and b

Problem 3.2 (12) (1 point)
If a is the integer such that

adiv50=9
and
amod 50 =27.

Then a=___

Problem 3.2 (13) (1 point)
Find the quotient and remainder:
Sdiv7l=__

-8mod71=__
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Problem 3.2 (14) (1 point)
Find the quotient and remainder:
70div24=__

70mod 24 =___
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Solutions

Problem 3.2 (1) Correct Answers:

. 47
. 10
. 47

Problem 3.2 (2) Correct Answers:

[ ]
O;O*—‘*—‘NONNI\)

Problem 3.2 (3) Correct Answers:

e 6

Problem 3.2 (4) Correct Answers:

* 67
* 6
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.55
«3
. 49
. 4
. 43
.5
. 37
.6
. 31
.7
.25
.8
.« 19
¢ 9
. 13
. 10
.7
. 11
.1
. 11
.1

Problem 3.2 (5) Correct Answers:

. 77
. 14

. 77
. -1
. —63
.2
. —49
. -3
. -35
. 4
. 21
. -5
. -7
. —6
.7

. —6
.7

Problem 3.2 (6) Correct Answers:

* 92
* 26
e 92
e 1

* 66
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)
. 40
.« 3
. 14
e 3
. 14

Problem 3.2 (7) Correct Answers:

* 0
* 0

D

Problem 3.2 (8) Correct Answers:

[ ]
Mo W N

Problem 3.2 (9) Correct Answers:

L]
—_ W W= ==

Problem 3.2 (10) Correct Answers:

[ ]
W w oo

Problem 3.2 (11) Correct Answers:

oo

> Q0w
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Problem 3.2 (12) Correct Answers:

Hint: Let a be an integer and b a natural number.
Suppose a = b - g+ r with 0 < r < b. Then we write g = adivb and r = a mod b.

In this problem b = 50 and ¢ = adiv50 =9 and r = a mod 50 = 27. Now find a.

Correct Answers:

e 477

Problem 3.2 (13) Correct Answers:

. -1
. 63

Problem 3.2 (14) Correct Answers:

e 2
e 22
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3.3 Long Division

Problem 3.3 (1) (1 point)

Find the quotient and remainder of the division of 5349 by 73. Give at least one digit after the decimal point.
With a calculator compute d := 5349 +-73 = __.

The quotient ¢ is the integer to the left of d on the number line. Thus g =___.

The remainder is r := 5349 — (73-q) = __.

So we have found that 5349 div 73 = and 5349 mod 73 =__.

Problem 3.3 (2) (1 point)

Find the quotient and remainder of the division of —6367 by 2612. Give at least one digit after the decimal
point.

With a calculator compute d := —6367 2612 =__.
The quotient ¢ is the integer to the left of d on the number line. Thus ¢ = .
The remainder is r := —6367 — (2612-¢q) = __.

So we have found that —6367 div 2612 —___ and —6367 mod 2612 —___.

Problem 3.3 (3) (1 point)

Find the quotients and remainders:

4550 div 678 = and
4550 mod 678 =
4733 div 560 = and
4733 mod 560 =_____
2241 div 695 = and
2241 mod 695=__
1567 div 697 = and
1567 mod 697 =____
2764 div 686 = and
2764 mod 686 =___
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Problem 3.3 (4) (1 point)

Find the quotients and remainders:

59880 div 1997 = and
59880 mod 1997 =__

-98474 div 1070 = and
-98474 mod 1070 =_____

54702 div 939 = and
54702 mod 939 =_____

-83287 div 1288 = and
-83287 mod 1288 =___

Problem 3.3 (5) (1 point)

Find the quotient and remainder:

-30div78=__

30mod 78 = ___

Problem 3.3 (6) (1 point)

Find the quotient and remainder:

66div49=__

66 mod49=___
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Solutions

Problem 3.3 (1) Correct Answers:

» 73.2739726027397
e 73
* 20
e 73
* 20

Problem 3.3 (2) Correct Answers:

* —2.43759571209801

Problem 3.3 (3) Correct Answers:

.6
. 482
.8
. 253
e 3
. 156
)
. 173
. 4
. 20

Problem 3.3 (4) Correct Answers:

* 29

* 1967
e 03
* 1036
* 58

* 240

e —65
* 433



Problem 3.3 (5) Correct Answers:

. -1
. 48

Problem 3.3 (6) Correct Answers:

e 1
e 17
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3.4 Operation mod

Problem 3.4 (1) (1 point)
Compute:

0 mod6=__
1 mod6=__
2 modb=__
3 mod6=__
4 mod6=__
5 modb=__
6 mod6=__
7 mod6=__
8§ mod6=__
9 mod6=__
10 mod6=__
11 mod6=__
12 mod6=__

13 mod6=__

Problem 3.4 (2) (1 point)

Compute 136 mod 182 =

Problem 3.4 (3) (1 point)

Compute:
Omod5=__andOmod 6=__
Imod5=__and 1 mod 6=___
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2modS5=__and2mod6=__

3mod5=__and3mod6=__

4modS5=__and4mod6=__

Smod5=__and5Smod 6=__
6mod5=__and6mod 6=__
TmodS5=__and 7mod 6=__
8mod5=__and8 mod 6=___

O9modS5=__and9mod 6=__

I0mod5=__and 10 mod 6 =___

llmod5=__and 11l mod 6=__

Problem 3.4 (4) (1 point)

Compute:

Omod5=__andOmod3=__
Imod5=__and 1l mod3=__
2modS5=__and2mod3=___

3mod5=__and3mod3=__

4mod5=__and4 mod3=__
Smod5=__andSmod3=__
6mod5=__and6mod3=__
Tmod5=__and7mod3=___

8mod5=__and8mod3=__

O9modS5S=__and9mod3=__

10mod5=__and 10 mod3=__
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llmod5=__and 1l mod3=__

12mod5=__and 12mod3=__

13mod5=__and 13 mod3=___

l4mod5=__and 14 mod3=___

Find the smallest non-negative integer b such that » mod 5 =3 and » mod 3 = 2.
b=__

Problem 3.4 (5) (1 point)

The remainder when a is divided by 33 is 6 and the remainder when b is divided by 33 is 10.
That is, a mod 33 = 6 and » mod 33 = 10.

Find:

(a+a)mod33=__

(a+b)mod33=__

(a-b) mod33=__

(a+9)mod 33=__

(9-b) mod33=___

Problem 3.4 (6) (1 point)

The remainder when a is divided by 15 is 5 and the remainder when b is divided by 15 is 10.
That is, a mod 15 =5 and » mod 15 = 10.

Find:

(a+a)mod 15=__

(a+b)mod 15=__

(a-b)mod 15=__

(a+7)mod 15=__

77



(7-b) mod 15=__

Problem 3.4 (7) (1 point)
Compute these remainders:
52mod 19=____
4mod11=____
197mod9=____
12mod23=____

183 mod33=__

7Té6modS5=__

Problem 3.4 (8) (1 point)

We can write 2182460683 = 100+ __

Hint: Example: 1234567 = 12345100+ 67

Because 83 mod 2 =___ we have 2182460683 mod 2 =___.
Because 83 mod 4 = ___ we have 2182460683 mod 4 = __.
Because 83 mod 5 =___ we have 2182460683 mod 5=___.
Because 83 mod 10 = __ we have 2182460683 mod 10 =___.
Because 83 mod 20 = ___ we have 2182460683 mod 20 = __.
Because 83 mod 25 =___ we have 2182460683 mod 25 =__.

Because 83 mod 100 = ___ we have 2182460683 mod 100 = __.

Problem 3.4 (9) (1 point)
What is the remainder of 23451638 divided by 57 ___

What is the remainder of 23451638 divided by 4?7 ___
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Hint: This is easier than it looks. Use that 4 and 5 divide 100.

Problem 3.4 (10) (1 point)

Compute:

23210494277064179722 mod 2 = ___
23210494277064179722 mod 4 = ___
23210494277064179722 mod 5= ___
23210494277064179722 mod 10 = ___
23210494277064179722 mod 20 = ___
23210494277064179722 mod 25 = ___
23210494277064179722 mod 100 = ___
23210494277064179722 mod 1000 = __

23210494277064179722 mod 10000 = __

Problem 3.4 (11) (1 point)

Compute:

10249838952446438118 mod 10=____
10249838952446438118 mod 100 =____
10249838952446438118 mod 1000 =____
10249838952446438118 mod 10000 = ___
10249838952446438118 mod 100000 =

10249838952446438118 mod 1000000 = ___
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Solutions

Problem 3.4 (1) Correct Answers:

]
—_— O N kA W= O WP WN=O

Problem 3.4 (2) Correct Answers:

* 136

Problem 3.4 (3) Correct Answers:

)
N —= KA OWPRARNDWRLNDOF WUV PP WWDDNDRFR~ROO
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Problem 3.4 (4) Correct Answers:

.
N A= WO, R, OO PRNWRARNOFR,NO~R,ROWNDNDE=ER~=OO

Problem 3.4 (5) Correct Answers:

12
* 16
* 27
* 15
* 24

Problem 3.4 (6) Correct Answers:

* 10
*5
e 12
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* 10

Problem 3.4 (7) Correct Answers:

. 14
. 4
.8
. 12
.18
.1

Problem 3.4 (8) Correct Answers:

Hint: In the following each ? can be any number from O to 9.
We have

2182460683 mod 10 =3 mod 10

Thus, because 2 and 5 divide 10, also

2182460683 mod 2 = 3 mod 2 and
2182460683 mod 5 = 3 mod 5

Similarly
2182460683 mod 100 = 83 mod 100
Thus, because 4 and 20 and 25 divide 100, also

2182460683 mod 4 = 83 mod 4 and
2182460683 mod 20 = 83 mod 20 and
2182460683 mod 25 = 83 mod 25.

Correct Answers:

* 21824606
* 83

.
OO0 00 W W W W W W W W = =
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* 83
* 83

Problem 3.4 (9) Correct Answers:
Solution:

This problem can be greatly simplified by looking only at the last two digits. Note that 23451638 =
23451600 + 38. It should be clear that 5|23451600 since 5/100 and 100|23451600. Thus we need only
look at 38.

38=7-54+3

By the same logic above, we need only look at the remainder of 38 divided by 4.
38=9-4+2

Correct Answers:

3
e 2

Problem 3.4 (10) Correct Answers:

Hint: In the following each ? can be any number from O to 9.
We have

23210494277064179722 mod 10 =2 mod 10

Thus, because 2 and 5 divide 10, also

23210494277064179722 mod 2 = 2 mod 2 and
23210494277064179722 mod 5 =2 mod 5

Similarly

23210494277064179722 mod 100 = 22 mod 100
Thus, because 4 and 20 and 25 divide 100, also
23210494277064179722 mod 4 = 22 mod 4 and

23210494277064179722 mod 20 = 22 mod 20 and
23210494277064179722 mod 25 = 22 mod 25.

Correct Answers:
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e 722
* 9722

Problem 3.4 (11) Correct Answers:
Hint: We have

10249838952446438118 mod 10 = 8 mod 10
and

10249838952446438118 mod 100 = 18 mod 100

Correct Answers:

* 8

* 18

118
8118
38118
438118

L]
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3.5 Clock Arithmetic

Problem 3.5 (1) (1 point)

We use the 24 hour clock. Assume it is 3 p.m. What time will it be 55 hours from now ?

[select: | 12a.m | 1am | 2am | 3am | 4am | 5am | 6am | 7am | 8am | 9am | 10
am | 1llam | 12pm | 1pm | 2p.m | 3p.m | 4pm | Spm | 6p.m | 7p.m | §p.m | 9 p.m
| 10 pm | 11 p.m ]

Problem 3.5 (2) (1 point)
We use the 12 hour clock. Assume it is 3 o’clock. What time will it be 79 hours from now ?

[select: | 12 0’clock | 10’clock | 2 0’clock | 3 o’clock | 4 o’clock | 5 o’clock | 6 o’clock | 7
o’clock | 8 o’clock | 9 o’clock | 10 o’clock | 11 o’clock ]

Problem 3.5 (3) (1 point)
‘We use the 12 hour clock. Assume it is 4 o’clock. What time will it be 12 hours from now ?

[select: | 12 0’clock | 10’clock | 2 o’clock | 3 o’clock | 4 o’clock | 50’clock | 6 o’clock | 7
o’clock | 8 o’clock | 9 0’clock | 10 o’clock | 11 o’clock ]

Problem 3.5 (4) (1 point)
Assume it is December. What month will it be 92 months from now ?

[select: | January | February | March | April | May | June | July | August | September |
October | November | December ]

Problem 3.5 (5) (1 point)
We use the 24 hour clock. Assume it is 14:00 hours. What time will it be 65 hours from now ?

[select: | 0:00 hours | 1:00 hours | 2:00 hours | 3:00 hours | 4:00 hours | 5:00 hours | 6:00 hours
| 7:00 hours | 8:00 hours | 9:00 hours | 10:00 hours | 11:00 hours | 12:00 hours | 13:00 hours |
14:00 hours | 15:00 hours | 16:00 hours | 17:00 hours | 18:00 hours | 19:00 hours | 20:00 hours
| 21:00 hours | 22:00 hours | 23:00 hours ]

Problem 3.5 (6) (1 point)

Assume it is October. What month will it be 54 months from now ?
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[select: | January | February | March | April | May | June | July | August | September |
October | November | December ]
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Solutions

Problem 3.5 (1) Correct Answers:

e 10 p.m

Problem 3.5 (2) Correct Answers:

e 10 o'clock

Problem 3.5 (3) Correct Answers:

e 4 o'clock

Problem 3.5 (4) Correct Answers:

* August

Problem 3.5 (5) Correct Answers:

e 7:00 hours

Problem 3.5 (6) Correct Answers:

Correct Answers:

* April
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3.6 ISBN

Problem 3.6 (1) (1 point)

You are given
X1 —X2X3X4X5X6 — X7X8X9 — X10

as
0—03088 —600—X.

Enter the digits
X=X = 3= X4 = X5=__ X=X = Xg=—_Xg=__X|0 =——

Compute
C:=(x1+2-x24+3-x3+4-x4+5-x5+6-x6 +7-x7+ 8xg + 9x9) mod 11

C=__
If C = x;0 then we have a valid ISBN-10.

Is 0 — 03088 — 600 — X a valid ISBN-10 ?

e A. Yes
e B. No

Problem 3.6 (2) (1 point)

You are given
X1 —X2X3X4X5X6 — X7X8X9 — X10

as
5—-02590 - 000 —-X.

Enter the digits
X=X =_ X3=__ _X4=__ _Xs=__X¢=__X]=__Xg=__X9=__Xj0=__

Compute
C:=x1+2-x+3-x3+4-x4+5-x5+6-x6+7x7+ 8x3 +9x9) mod 11

C=__
If C = x;0 then we have a valid ISBN-10.

Is 5—02590 — 000 — X a valid ISBN-10 ?
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e A. Yes
* B.No

Problem 3.6 (3) (1 point)

You are given

X1 — X2X3X4X5X6 — X7X8X9 — X10

as
1 —59876 —842 —0.
Compute
z=(1x14+2-x0+3-x34+4-x4+5-x5+6-x6+7-x7+8-x3+9-x9) mod 11
=

Now you can answer the question.

Is 1 —59876 — 842 — 0 a valid ISBN-10 ?

e A. Yes
* B.No

Problem 3.6 (4) (1 point)

You are given

X1 — X2X3X4X5X6 — X7X8X9 — X10

as
1—-95294 — 785 —5.
Compute
7= (1 ~X1+2-XQ+3-X3+4-X4+5~X5+6-x6+7-X7+8-x8+9~X9) mod 11
=

Now you can answer the question.

Is 1 —95294 — 785 — 5 a valid ISBN-10 ?

e A.No
* B. Yes
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Problem 3.6 (5) (1 point)

The first nine digits of an ISBN-10 are
2 —834—10840

We compute
((1; )+ (2 )+ (B )+ (d )+ (5 )+ (6 ) + (T )+ (8—) + (9-7)) mod 11=__

Thus the tenth digit of the ISBN is ___

Problem 3.6 (6) (1 point)

The first nine digits of an ISBN-10 are
8 —120—-08074

We compute
((1; )+ (2 )+ (B )+ (G )+ (5 ) + (6 ) + (T ) + (8—) + (9-7)) mod 11=__

Thus the tenth digit of the ISBN is ___

Problem 3.6 (7) (1 point)

If the first nine characters of an ISBN-10 are
4 —695—-92079

then the tenth character is:

Problem 3.6 (8) (1 point)

If the first nine characters of an ISBN-10 are
0—400— 38315

then the tenth character is: ____
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Solutions

Problem 3.6 (1) Correct Answers:
Hint: If C = 10 the 10-th digit of the ISBN should be X.

Correct Answers:

.
—_— O O ON 0 o0 O WO O

[ ]
oo~

Problem 3.6 (2) Correct Answers:
Hint: If C = 10 the 10-th digit of the ISBN should be X.

Correct Answers:

L]
> oo ocvuUN oW

Problem 3.6 (3) Correct Answers:
Hint:
1—59876 —842—0

is a valid ISBN when z is equal to its last digit, that is, in our case when z = 0 where

z=(1-142-54+3-94+4-845-7+6-64+7-84+8-4+9-2) mod 11.

Correct Answers:

5
* B

91



Problem 3.6 (4) Correct Answers:
Hint:
1—95294 —785—5

is a valid ISBN when z is equal to its last digit, that is, in our case when z = 5 where

z=(1-142-943-5+4-24+5-94+6-447-7+8-8+9-5) mod 11.

Correct Answers:

*5
*B

Problem 3.6 (5) Correct Answers:
Hint: Recall that the tenth digit of an ISBN canbe 1 or2or3or4or5or6or7or8or9 or X.

Correct Answers:

.
[\

[ ]
AR OROWO—~ b W

Problem 3.6 (6) Correct Answers:
Hint: Recall that the tenth digit of an ISBN canbe 1 or2or3 or4or5or6or 7 or 8 or9 or X.

Correct Answers:

.
o}

.
NN A 3OO O N

Problem 3.6 (7) Correct Answers:
4

Problem 3.6 (8) Correct Answers:
e 2
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Chapter 4

Greatest Common Divisors

L.
2. |Greatest-Common-Divisors
3. |Euclidean-Algorithm|

4. [Bezouts-Identity|
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4.1 Divisibility

Problem 4.1 (1) (1 point)

Select all divisors of 195.

Problem 4.1 (2) (1 point)

Select all numbers that are divisible by 20.

A. 3700

B. 8005

C.923

D. 5820

Problem 4.1 (3) (1 point)

If a=b-q where a, b, and q are natural numbers, then: (check all that apply)

A. b is divisible by a
B. b is a divisor of a
C. ais divisible by b
D. adivides b

E. b is a factor of a

L]

Problem 4.1 (4) (1 point)
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Enter T or F depending on whether the statement is a true proposition or not. (You must enter T or F — True

and False will not work.)

__ 1. 13 is a divisor of 260
_ 2. 13 is a divisor of 260
_ 3. 13 is a factor of 260
__ 4. 13 is a multiple of 260
_5. 13 is a factor of 260

__ 6. 260 is a factor of 13

Problem 4.1 (5) (1 point)

Compute the remainder and complete the statement about divisibility

61. [select: | divides | does not divide ]

21. [select: | divides | does not divide ]

49.  [select: | divides | does not divide ]

81. [select: | divides | does not divide ]

8. [select: | divides | does not divide ]

Because 61 mod 14=___ we have that 14
Because 21 mod 2= ___ we have that 2
Because 49 mod 5= ___ we have that 5
Because 81 mod 11=___ we have that 11
Because 8 mod 20= __ we have that 20
Because 82 mod 18=___ we have that 18
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Solutions

Problem 4.1 (1) Correct Answers:

Solution:

Does 2 divide 195?

2 divides all even numbers, so 2 does not divide 195.

Does 3 divide 195?

Add up all digits of 195: 1+9+5 = 15. Since 3 does divide 15, 3 does divide 195.

Does 5 divide 195?

5 only divides numbers which end with 5 or 0, so 5 does divide 195.

Does 9 divide 195?

Add up all digits of 195: 1+9+5 = 15. Since 9 does not divide 15, 9 does not divide 195.

Does 10 divide 195?

10 only divides numbers which end with 0, so 10 does not divide 195.

So the correct answers are BC.

Correct Answers:

« BC

Problem 4.1 (2) Correct Answers:

* AD

Problem 4.1 (3) Correct Answers:

* BCE

Problem 4.1 (4) Correct Answers:

L]
Mm99 4
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Problem 4.1 (5) Correct Answers:

*5

* does not divide
e 1

* does not divide
e 4

* does not divide
e 4

e does not divide
e 8

¢ does not divide
* 10

¢ does not divide
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4.2 Greatest-Common-Divisors

Problem 4.2 (1) (1 point)
List all of the positive common divisors of 28 and 74:

Note: Enter your answers as a comma-separated list. The list of common divisors of 8 and 12 is: 1,2,4

What is the greatest common divisor of 28 and 74 7 ___

Problem 4.2 (2) (1 point)

For each of the following pairs of numbers, find the greatest common divisor. Although the numbers are
large finding their greatest common divisor is not too hard. Taking a closer look at both numbers reveals
special relationships.

2cd(1005812,1005812)=_____

gcd(1226463,1)=____

2cd(2498410,0)=—

gcd(0,1226463)=__

2cd(430586,430586)=_____

gcd(1,2498410)=—___

gcd(1226464,1226464)=_____

Problem 4.2 (3) (1 point)

For each of the following pairs of numbers, find the greatest common divisor. Taking a closer look at both
numbers reveals special relationships.

gcd(7883,1)=___
gcd(7883,0)=___
gcd(7883,7884)=___

gcd(9271,9271)=—_

Problem 4.2 (4) (1 point)
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For each of the following pairs of numbers, find the greatest common divisor.
gcd(13,0)=—

gcd(13,14)=_

gcd(6,6)=_

ged(1,5) =

ged(6,1)=_

gcd(3,2)=_

gcd(1,5)=—_

gcd(0,3)=—

Problem 4.2 (5) (1 point)

For each of the following pairs of numbers, find the greatest common divisor.
ged(15,16)=

gcd(10,1)=—_

gcd(29,0)=___

gcd(0,10)=—___

ged(7, )=

gcd(1,29)=_

gcd(11,10)=—_

Problem 4.2 (6) (1 point)

For each of the following pairs of numbers, find the greatest common divisor.
gcd(202)=__

gcd(20,1)=—_

gcd(21,0)=—_
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0cd(0,20)=____
0cd(25,25)=___
ged(12D)=___

gcd(21,20) =

Problem 4.2 (7) (1 point)
List all of the positive common divisors of 100 and 120:

Note: Enter your answers as a comma-separated list. The list of common divisors of 8 and 12 is: 1,2,4

What is the greatest common divisor of 100 and 120 7 ___

Problem 4.2 (8) (1 point)
For all integers a and b we have:

gcd(amod b,b) =[select: | 0 | 1 | a | b | atb | ged(a,b) ]

ged(@,0)=[select: | 0 | 1 | a | b | atb | ged(a,b) ]

ged(l,b)y=[select: | 0 | 1 | a | b | atb | ged(a,b) ]

ged(b+1,b)=[select: | 0 | 1 | a | b | atb | ged(a,b) ]

ged(a-bb)=[select: | 0| 1| a| b | a+tb | ged(ab) ]

amodb < [select: | 0 | 1| a | b | ath | ged(ab)]

ged(b,a)=[select: | 0 | 1 | a | b | a+b | ged(a,b) ]
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Solutions

Problem 4.2 (1) Correct Answers:
Hint: The common divisors of 28 and 74 are all numbers that divide both 28 and 74.

Correct Answers:

. 1,2
)

Problem 4.2 (2) Correct Answers:

1.00581 x 10°
.1
2.49841 x 10°
1.22646 x 10°
430586

o1

o 1.22646 x 10°

L]

Problem 4.2 (3) Correct Answers:

e 1
7883
e 1
9271

L]

Problem 4.2 (4) Correct Answers:

(98]

.
LU = = e O\ =

Problem 4.2 (5) Correct Answers:
Hint: Let a and b be an integers. Then

Correct Answers:
o 1
o 1
L)

9
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* 10

—_— ]

Problem 4.2 (6) Correct Answers:
Hint: Let ¢ and b be an integers. Then

Problem 4.2 (7) Correct Answers:
Hint: The common divisors of 100 and 120 are all numbers that divide both 100 and 120.

Correct Answers:

. 1,2,4,5,10,20
. 20

Problem 4.2 (8) Correct Answers:

* gcd(a,b)
°a
e 1
e 1
gcd(a,b)
*b
gcd(a,b)
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4.3 Euclidean-Algorithm

Problem 4.3 (1) (1 point)

Follow these step to compute the greatest common divisor of a := 52 and b := 24:

let r-=amodb=__andlet a:=b=__andlet b:=r—=__

let r-=amodb=__andlet a:=b=__andlet b:=r—=__

The greatest common divisor of 52 and 24 isa =___

Problem 4.3 (2) (1 point)

Follow these step to compute the greatest common divisor of a := 41 and b := 21:

let r:=amodb=__andlet a:=b=__andlet b:=r=__
let r:=amodb=__andlet a:=b=__andlet b:=r=__
let r:==amodb=__andlet a:=b=__andlet b:=r=__

The greatest common divisor of 41 and 21 isa=___

Problem 4.3 (3) (1 point)

For each of the following pairs of numbers, find the greatest common divisor.
gcd(30,42)=___

gcd(105,165)=—_

gcd(360,504)=___

103



Problem 4.3 (4) (1 point)

Compute these greatest common divisiors with the Euclidean Algorithm:
gcd(12,34)=__

ged(28,25)=_

gcd(126,216)=

gcd(119,196) =

gcd(80,100)=__

gcd(264,407)=_____

Problem 4.3 (5) (1 point)

Compute these greatest common divisiors with the Euclidean Algorithm:
ged(23,25)=_

gcd(78,93)=_

gcd(275,385)=__

gcd(84,189)=_

gcd(319,352) =

gcd(105,238)=__

Problem 4.3 (6) (1 point)

For each of the following pairs of numbers, find the greatest common divisor.
gcd(30,78)=___

gcd(189189,189190)=_____

gcd(65,85)=__

2cd(798879,1)=

gcd(810277,0)=
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2cd(10932,10932)=_____

Problem 4.3 (7) (1 point)
Consider the algorithm:
Algorithm

Input: A natural number v and a natural number k with v > k.

(1) repeat

(a)let r:=v mod k
(b)let v:=k
©)let k:=r

(4 until r=0
(5) return v

What does the algorithm return when the inputis v:=39and k:=247 ___
What does the algorithm return when the inputis v:=128 and k :=24 7 ___
What does the algorithm return when the inputis v:=87 and k:=24 7 ___
What does the algorithm return when the inputis v:=30and k: =247 ___

What does the algorithm return ?

A —v+k

* B.k

C. The quotient of the division of v by k.

D. The remainder of the division of v by k.

E.k-v

F. The greatest common divisor of k£ and v

G. (k)Y

H. The difference of the sum of the first v natural numbers and k.

L]
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Solutions
Problem 4.3 (1) Correct Answers:

.4
. 24

L]
AO RAO KA

Problem 4.3 (2) Correct Answers:

* 20
* 21
* 20
e 1

* 20

.
—_—O = O =

Problem 4.3 (3) Correct Answers:
Solution:

Sometimes it is easy to see the greatest common factor of two numbers. If you are trying a problem that
does not look easy, it is often helpful to just do it one piece at a time.

Suppose you wanted to find gcd(120,168). Well you can see that 2 divides both so put a 2 on your greatest
common divisor list and divide the two numbers by 2 to see that you are now looking for gcd(60,84). You
might now notice either 2 or 4 is a factor of both. Suppose you noticed 4, Put it on your ged list and divide to
see that now you want gcd(15,21). Now you see 3, which you can put on your gcd list and look for gcd(5,7).
But that is 1. So you can multiply the numbers on your ged list to get 2 x 4 x 3 = 24 and so 24 is your gcd.

In other cases, there is a method known as the Euclidean Algorithm which can compute greatest common
divisor without factoring.

Correct Answers:

* 6
* 15
e 72
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Problem 4.3 (4) Correct Answers:

L]

20
e 11

Problem 4.3 (5) Correct Answers:
e 1

* 55
e 21
* 11
L

Problem 4.3 (6) Correct Answers:
Hint: Let a and b be an integers. Then

ged(a,b) = ged(b,a)
gcd(a,a) =a
ged(a+1,a) =1
ged(l,a) =1
gcd(a,0) =a
Correct Answers:

6

e 1

5

e 1

« 810277

e 10932

Problem 4.3 (7) Correct Answers:

L]
L]

T O W o0 W
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4.4 Bezouts-Identity

Problem 4.4 (1) (1 point)
Complete the statement of Bezouts Identity . We write * for multiplication and * for exponentiation.
Let f and h be natural numbers. Then there exist integers ¢ and d such that

[select: | (Fh) | (c*f) | (F+h)? | (c—f)* | (h-f) | (c+D) | (c*d) | (c-D) | (¢*d) | (Fmod h) ]

+

[select: | (F*h) | (d+h)* | (Fdivh) | (d+h) | (f+h)* | (h-f) | (@*h) | (c*d) | (d-h) | (d+c)]

[select: | (Fdivh) | (fFmodh) | ged(f, h) | ged(e,h) | ged(d, f) | (d*h) | (f+n)? | (c*d) | (d+c)
(M1

Problem 4.4 (2) (1 point)

Follow these step to compute the greatest common divisor of a := 147 and b := 70 and the integers s and ¢
such that (s-a)+ (t-b) = ged(a,b).

First we compute gcd(a,b). In addition to the remainder we also compute the quotient.
Leta;:=b=__andleth:=amodb=__andletg,:=adivb=__

Letay :=b;=_— _andletby :=a; mod by = _

We have computed ged(147,70) = by =—_.

Now write a = (b-q;) + b:

()

Rearranging the values, write by = (1-a)+ ((—q1) - b) :

()
Read off the values of s and 7. Recall that b; = gcd(a,b).
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Withs=___ and ¢t =___ we have ged(a,b) = (s-a)+ (t-b).

Problem 4.4 (3) (1 point)

Follow these step to compute the greatest common divisor of a := 160 and b := 30 and the integers s and ¢
such that (s-a) + (¢ -b) = ged(a, b).

First we compute gcd(a,b). In addition to the remainder we also compute the quotient.
Leta;:=b=__andleth;:=amodb=__andletg,:=adivb=__

Leta, :=b;=— _andletby :=a; mod by = __

We have computed gcd(160,30) = by =

Now write a = (b-q1) + by:

Y (R

Rearranging the values, write by = (1-a)+ ((—q1) - b) :

e
Read off the values of s and 7. Recall that b; = gcd(a,b).

Withs =___and7 =___ we have gcd(a,b) = (s-a)+ (¢ - b).

Problem 4.4 (4) (1 point)

Follow these step to compute the greatest common divisor of a := 26 and b := 6 and the integers s and ¢
such that (s-a)+ (¢ -b) = ged(a, b).

First we compute gcd(a,b). In addition to the remainder we also compute the quotient.
Leta;:=b=__andletb;:=amodb=__andletqg; :=adivb=__

Letay :=b;=_ _andletbhy:=a; mod by = _

We have computed gcd(26,6) =b; =—_.
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Now write a = (b-q;) + by:

()

Rearranging the values, write by = (1-a)+ ((—q1) - b) :

()
Read off the values of s and 7. Recall that b; = gcd(a,b).

Withs=___ andt =___ we have ged(a,b) = (s-a)+ (¢ - b).

Problem 4.4 (5) (1 point)

Compute the greatest common divisor of @ := 33 and b := 15 and the integers s and 7 such that (s-a)+ (t-b) =
gcd(a,b).

We have ged(33,15) =___. Now find the numbers s and t whose existence is guaranteed by Bezout’s identity.

Withs=___andfr=__ we have (s-a)+ (¢-b) = gcd(a,b).

Problem 4.4 (6) (1 point)

Compute the greatest common divisor of @ := 36 and b := 7 and the integers s and 7 such that (s-a) 4 (¢-b) =
gcd(a,b).

We have ged(36,7) =__. Now find the numbers s and r whose existence is guaranteed by Bezout’s identity.

Withs=___ and¢r=__ we have (s-a)+ (¢-b) = gcd(a,b).
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Solutions

Problem 4.4 (1) Correct Answers:

* (c*f)
* (d*h)
e gcd(f,h)

Problem 4.4 (2) Correct Answers:

Problem 4.4 (3) Correct Answers:

* 30
* 10
*5
* 10
* 0
* 10
* 160
* 30
*5
* 10
* 10
* 160
e -5
* 30
e 1
e -5

Problem 4.4 (4) Correct Answers:
e 6
2
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Chapter 5

Sets

1. [Setd
2. Roster Form|
3. [Membership and Equality|

4. [Bpecial Sety
5. [Set Builder Notation|
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5.1 Sets

Problem 5.1 (1) (1 point)
Complete the definitions:

A setis a well-defined __(4)__ of distinct __(B)

(A): [select: | flock | pile | bucket | heap | collection | stack | pack | list ]

(B): [select: | birds | bears | numbers | letters | words | objects ]

The _(©) _in a set are called __(2) _ of the set.

(O): [select: | birds | numbers | objects | letters | words | wolves ]

(D): [select: | things | elements | animals | characters ]

Problem 5.1 (2) (1 point)

Determine which of the following are sets:

1. ___ The collection of students in all sections of MAT 112 this semester.
2. __ The collection of beautiful houses.
3. ___ The collection of cuddly animals.

4. ___ The collection of difficult problems.

Problem 5.1 (3) (1 point)

Determine which of the following are sets:

1. __ The collection of cuddly animals.

2. ___ The collection of integers.

3. __ The collection of companies enjoying sizable profits.
4. ___ The collection of nice days.
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Problem 5.1 (4) (1 point)

Find the quotient and remainder of the division of 36 by 9.

The quotient is ___

The remainder is

Let g be the quotient and let r the remainder. Enter thses values in the correct box below.

Wehave36 =q-9+r=__ 9+ __.
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Solutions

Problem 5.1 (1) Correct Answers:

¢ collection
* objects

* objects

¢ clements

Problem 5.1 (2) Correct Answers:

L]

L]

T ™o

Problem 5.1 (3) Correct Answers:

L]

L]
T T

Problem 5.1 (4) Correct Answers:

L]
o~ O A
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5.2 Roster Form

Problem 5.2 (1) (1 point)
Complete the definition:

The contents of a set can be described by listing the elements of the set, separated by __(4)__ between __(5)

(A): [select: | commas | semicolons | colons | spaces ]

(B): [select: | parenthesis | angle brackets | square brackets | curly brackets ]

This way of describing a set is called __(€)__

(O): [select: | rooster form | roster form | chicken form | list form | brace form | list ]

Problem 5.2 (2) (1 point)

Give the set of integers from 8 to 13 in roster form:{ }

Problem 5.2 (3) (1 point)

Give the empty set in roster form: { }

Problem 5.2 (4) (1 point)

Give the set of natural numbers less than 2 in roster form: { }

Problem 5.2 (5) (1 point)

Give the set of natural numbers up to 1 in roster form: { }

Problem 5.2 (6) (1 point)

Give the set of negative integers greater than or equal to —9 in roster form: { }

Problem 5.2 (7) (1 point)

Give the set in roster form (without ellipsis):  {5,6,7,...,14} = { }

Problem 5.2 (8) (1 point)

‘We have:
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32=10-3+4+2
Find the quotient and remainder of the division of 32 by 3.
The quotient is .

The remainder is ___.
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Solutions

Problem 5.2 (1) Correct Answers:

* commas
* curly brackets
* roster form

Problem 5.2 (2) Correct Answers:

. 8,9,10,11,12,13

Problem 5.2 (3) Correct Answers:

Problem 5.2 (4) Correct Answers:

L |

Problem 5.2 (5) Correct Answers:

e 1

Problem 5.2 (6) Correct Answers:

© —~9,-8,-7,-6,-5,—4,-3,-2,~1

Problem 5.2 (7) Correct Answers:

. 5,6,7,8,9,10,11,12,13, 14

Problem 5.2 (8) Correct Answers:

* 10
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5.3 Membership and Equality

Problem 5.3 (1) (1 point)
Complete the following:
Let A and B be sets.

When b 4 the set A we write b € A.

(A): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to |

When b __B)__ the set A we write b & A.

(B): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to |

We say the set A __(©)_ the set B and write A = B if each element in the set A __(?) _ the set B and if each
element in the set B __(E)__ the set A.

(C): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to ]

(D): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to ]

(E): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to ]

If the set A _(F)__ the set B we write A # B.

(F): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to |

Problem 5.3 (2) (1 point)
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Let C ={0,3,5,6}.
For each statement indicate whether it is true or false.
1. —{0,5,6}=C

2. __{}#C
3. __Cc={6}
4. __ Cc=1{53,0}

Problem 5.3 (3) (1 point)

Let B={5,9,11,14,18,19,20}.

For each statement indicate whether it is true or false.
1. __ B={9,11,14,19,20,5}
2. _ B={5,9,11,14,18,19,20}

3. __B+#{11,14,9,19,18,20,5}
4. __B={5,16,11,14,18,19,20}

Problem 5.3 (4) (1 point)

For the given sets C and D determine whether the statement
C=D

is true or false. If the statement is false choose the reason.

1. _ whenC:={4,1,0,2} and D := {2,1,0}
2. __whenC:={4,1,0,2} and D := {2,1,0,4}
3. __whenC:={0,1,2} and D := {2,1,0}

4. __ when C:={5,4} and D := {4,5}

Problem 5.3 (5) (1 point)
Let S ={7,8,9,...,37}. For each statement indicate whether it is true or false.

. 5¢S
2. 40€es
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3. _13€eS

4. _ -3¢€8§

Problem 5.3 (6) (1 point)

Let A ={11,16,19,24,27,30,32,37,41,46}. For each statement indicate whether it is true or false.

1. __23¢A
2. _27€{}
3. __20€A
4. __2€A

Problem 5.3 (7) (1 point)
Let A = {43,44,45,...,50}.
Is the statement 57 € A true or false ?

e A.True
¢ B. False

Is the statement 58 € A true or false ?

e A. False
e B. True

Is the statement 39 € A true or false ?

e A.True
¢ B. False

Problem 5.3 (8) (1 point)
Let S={-1,1,{3},7,{11,14},14}.

For each statement indicate whether it is true or false.

1. _1€S§
2. __—6¢8
3. __14eS
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4. 3¢S

Problem 5.3 (9) (1 point)

Let A=7,8,9,...,11 and b=15.

Isb & A true or false ?

¢ A. False
e B. True

Problem 5.3 (10) (1 point)

We have:

74781944687 = 131785 - 567452 + 282867

Find the quotient and remainder of the division of 74781944687 by 567452.
The quotientis .

The remainderis .
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Solutions

Problem 5.3 (1) Correct Answers:

¢ is an element of

¢ is not an element of
* isequal to

¢ is an element of

e is an element of

* is not equal to

Problem 5.3 (2) Correct Answers:

L]
ies el Mes!

Problem 5.3 (3) Correct Answers:

L]
es eI Mes!

Problem 5.3 (4) Correct Answers:

* 4notinD
e True
e True
e True

Problem 5.3 (5) Correct Answers:

o T

Problem 5.3 (6) Correct Answers:

L]
T ™o
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Problem 5.3 (7) Correct Answers:

o> @

Problem 5.3 (8) Correct Answers:

[ ]
==

Problem 5.3 (9) Correct Answers:

*B

Problem 5.3 (10) Correct Answers:

Hint: Let a be an integer and » a natural number.
Suppose a = b - g+ r with 0 < r < b. Then the quotient is ¢ = adivb and the remainder is r = a mod b.

In this problem a = 74781944687 and b = 567452.

Correct Answers:

e 131785
* 282867
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5.4 Special Sets

Problem 5.4 (1) (1 point)
Special Sets

Match the two representation of sets. Enter the letters next to the numbers.

1. {} A{...,-3,-2,-1,0,1,2,3,...}
__ 2. Zis B. the set that contains no elements
__ 3. Z C.{0,1,2,3,...,15}

Problem 5.4 (2) (1 point)
Special Sets

Match the two representation of sets. Enter the letters next to the numbers.

__1.°7222> A. 71
2. the set of integers from O to 11 B. Zy
__ 3. ’Z 22 without zero’ C.Z3

Problem 5.4 (3) (1 point)

For each statement indicate whether it is true or false.

L {0} #{}
2 {={0}
3. 0¢{)
4. {}=7

Problem 5.4 (4) (1 point)

Give the set in roster form. Zg = { }

Problem 5.4 (5) (1 point)
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Give the set in roster form. Z3 = { }

Problem 5.4 (6) (1 point)

For each statement indicate whether it is true or false.

1. _reA
2. _heA
3. _5¢A
4. 41}
5. _a€A

Problem 5.4 (7) (1 point)

For each statement indicate whether it is true or false.

l. __8&A
2. _{}=%
3. __z&A
4. __0€Zg

Problem 5.4 (8) (1 point)

For each statement indicate whether it is true or false.

1. __6¢A
2. 65¢ Zgs
3. __0€eZg
4. __6€A

Problem 5.4 (9) (1 point)

Decide which of the following are true statements, or false statements. If in doubt try out the statement with
the ‘for all’ variables replaced by some numbers.

1. __Foralla € Z and for all b € Z we have (a-b)* = a* + b*.

2. _ Forallae Z wehavea-0=a.
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3. _ _Foralla e Z we have a+0 =a.

4. ___Forall a € Z and for all b € Z and for all n € N we have (a-b)" = (a") - (b").

Problem 5.4 (10) (1 point)
Compute these remainders:
Imod7=___
179mod4=___

176 mod9=____
179mod 13=___
169mod 15=___

189 mod11=____
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Solutions

Problem 5.4 (1) Correct Answers:

*B
e C
A

Problem 5.4 (2) Correct Answers:

*B
e A
e C

Problem 5.4 (3) Correct Answers:

e T
* F
o T
* F

Problem 5.4 (4) Correct Answers:

* 0,1,2,3,4,5

Problem 5.4 (5) Correct Answers:

. 1,2,3

Problem 5.4 (6) Correct Answers:

Problem 5.4 (7) Correct Answers:

Hint: A={— a,b,c,...,z}
Z,=A{0,1,2,3,....n—1}
Zy={1,2,3,...,.n—1}
Correct Answers:

T

e F

e F

e F

Problem 5.4 (8) Correct Answers:

Hint: A={— a,b,c,...,z}
Zn=1{0,1,2,3,....n—1}
72 =1{1,2,3,....n—1}

Correct Answers:
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L]
44

Problem 5.4 (9) Correct Answers:

L]
—~ =T

Problem 5.4 (10) Correct Answers:

.
N A= W=
(e
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5.5 Set Builder Notation

Problem 5.5 (1) (1 point)

Consider:
{ala€Zanda>—6anda < -2}

This is read as:

Theset_ ) a_B) gis_(©) thesetof _?) andais_ ) —6andais_F) -2,

(A): [select: | of the one element | of all elements ]

(B): [select: | where | with the exception that ]

(C): [select: | an element of | not an element of | less than | greater than | equal to ]

(D): [select: | natural numbers | integers | negative integers | characters ]

(E): [select: | less than | less than or equal to | greater than | greater than or equal to | equal to |
not equal to | better than | worse than ]

(F): [select: | less than | less than or equal to | greater than | greater than or equal to | equal to |
not equal to | better than | worse than ]

Give the set in roster form. { }

Problem 5.5 (2) (1 point)

Give the set in roster form.

{x|x€Zandx>—-3andx <3} ={ }

Problem 5.5 (3) (1 point)

Give the set in roster form (without ellipsis).

{x|x€Nandx>27and x <50 and x mod 9 =0} = { }
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Problem 5.5 (4) (1 point)
Give the set in roster form.

{x|xeNandx <17} ={ }

Problem 5.5 (5) (1 point)
Give the set in roster form.

{x|xeNandx <16 and x mod 14 =0} = { }

[although it is mathematically correct to list elements multiple times, this problem is marked wrong if you
do so.]

Problem 5.5 (6) (1 point)

Let S ={0,1,2,3,4,5}.

For each statement indicate whether it is true or false.
1. _— §={5,4,3,2,1,0}
2. _S={x|xeNandx <5}
3. §={1,2,3,4,5}

4. __ §={x|xisaninteger from 0 to 5}

Problem 5.5 (7) (1 point)
Compute

(2+0°) mod5=__
(2+1¥)mod5=___
(2+2*)mod5=__
(2+3*)mod5=__

(2+4)mod5=__

Now find {(x, (2 +x*) mod 5) | x € Zs} = { } C Zs x Zs.

Problem 5.5 (8) (1 point)
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Give the set in roster form.

{x+18|x€Zandx>—T7and x <3} ={
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Solutions

Problem 5.5 (1) Correct Answers:

* of all elements

* where

* an element of

* integers

* greater than or equal to
* less than or equal to
{-6,-5,—4,-3,-2}

Problem 5.5 (2) Correct Answers:

e {-2,-1,0,1,2,3}

Problem 5.5 (3) Correct Answers:

. {27,36,45}

Problem 5.5 (4) Correct Answers:

. {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16}

Problem 5.5 (5) Correct Answers:

. 14

Problem 5.5 (6) Correct Answers:

L]

=TS

Problem 5.5 (7) Correct Answers:

Correct Answers:

L]

.
—_ kO W

L]

{(3,4),(1,3),(0,2),(4,1),(2,0)}

Problem 5.5 (7) Correct Answers:

. {11,12,13,14,15,16,17,18,19,20}
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Chapter 6

More on Sets

1. [Subsetd
2. [Cartesian Products

3. |Applications of Cartesian Products|
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6.1 Subsets

Problem 6.1 (1) (1 point)

Complete the following:
Let A and B be sets.

We say the set A is __(4)__ of the set B and write A C Bif _B) _of A _(€)__the set B.

(A): [select: | asuperset | asubset | an under set | not a superset | not a subset | not an under set ]

(B): [select: | each element | there is an element | no element ]

(C): [select: | is related to | is an element of | is equal to | is not related to | is not an element of |
is not equal to |

We say the set A is _(2)__ of the set B and write A Z Bif _(E) _of A that _(F)__ the set B.

(A): [select: | asuperset | asubset | an under set | not a superset | not a subset | not an under set ]

(B): [select: | each element | no element | there is an element | there are two element ]

(C): [select: | isrelated to | is an element of | is equal to | is not related to | is not an element of |
is not equal to |

Problem 6.1 (2) (1 point)

For each statement indicate whether it is true or false.

. {}e{-237}
2. {}C{-2,3,7}
3. {3 {0}
4. —{te{}

Problem 6.1 (3) (1 point)
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For the given sets C and D determine whether the statement
cCD

is true or false. If the statement is false choose the reason.

_ whenC:={5}and D:={}
1. _ whenC:={4,1,0,2} and D := {2,1,0}
2. __whenC:={4,1,0,2} and D :={2,4,1,0,5}
3. __whenC:= {5} and D := {4,5}

Problem 6.1 (4) (1 point)

For the given sets C and D determine whether the statement
CCD

is true or false. If the statement is false choose the reason.

1. __whenC:= {14} and D := {13, 14}

2. __whenC:={10,11,12} and D := {9,10,11,12}

3. __whenC:={9,10,11} and D := {9,10,11,12}

4. __ when C:={13,10,9,11} and D := {11,13,10,9, 14}

Problem 6.1 (5) (1 point)
For each statement indicate whether it is true or false.
1. — {}€{0,6,9}
2. __{}c{0,6,9}
3. _0e{}
4. __0e{0}

Problem 6.1 (6) (1 point)
Let A= {16,4,6},B={16,6},C = {4,6}, and D = {4,6,29}.
For each statement indicate whether it is true or false.

1. _B¢ZD
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2. __CCD
3. _BZA

4. __ACB

Problem 6.1 (7) (1 point)
For each statement indicate whether it is true or false.
1. —{0,1,2,...,7} CZ5;
2. 7p,3<CH{0,1,2,...,23}
3. ZwCH{}
4. —{0}c{}

Problem 6.1 (8) (1 point)

Let E = {a,b,c, f,g}.

For each statement indicate whether it is true or false.
1. _ {b,c,f}CE
2. _ {ab,c,f,g} CE
3. _{c}CE

4. {fe}ZE

Problem 6.1 (9) (1 point)

For each statement indicate whether it is true or false.

L {3<c{{}}
2. _ {}¢{3,8,17,23}
3. {reg{}

4. —{e{{nh{{,0.1}

Problem 6.1 (10) (1 point)

Let A and B be sets. For each statement indicate whether it is true or false.
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1. __Ifthereis a € A suchthata ¢ B then A = B.
2. _ Ifthereis a € A such that a ¢ B then A C B.
3. __IfACBand BZ Athen A =B.

4, __IfACBand BCAthenA =B8.

Problem 6.1 (11) (1 point)

Let A={2,4,6},B={2,6},C ={4,6} and D = {4,6,8}. Determine which of these sets are subsets of
which other of these sets.

Check ALL true statements.

e AACCA
B.ACC
c.{}cp
D.DCC
E.BCC

FBCA

G.ACB
H.CCD

L]

L]

Problem 6.1 (12) (1 point)

Find the quotients and remainders:

9div7 = and
9mod7=___

-48 div 22 = and
-48mod22=__
17 div 14 = and
17mod14=____
-45 div 28 = and
-45mod28=___
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Solutions

Problem 6.1 (1) Correct Answers:

¢ asubset

e each element

¢ is an element of

e not a subset

e there is an element
e is not an element of

Problem 6.1 (2) Correct Answers:

Hint: We denote the empty set by { }. The empty set has no elements. However, because the definition of
subset reads S C T if and only if x € S then x € T, the empty set is a subset of all sets.

Correct Answers:

e F
e T
e T
* F

Problem 6.1 (3) Correct Answers:

e Snotin D
e 4notinD
e True
e True

Problem 6.1 (4) Correct Answers:

e True
e True
e True
e True

Problem 6.1 (5) Correct Answers:

Hint: The empty set has no elements. However, because the definition of subset reads S C T if and only
if x € S then x € T, the empty set is a subset of all sets. The empty set is an element of a set T, only if T
contains the empty set.

Correct Answers:

e F
e T
* F
e T

Problem 6.1 (6) Correct Answers:

-
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* F

Problem 6.1 (7) Correct Answers:
Hint: Z, ={0,1,2,3,....n— 1}
Zy ={1,2,3,...,.n—1}

Correct Answers:
e F
T

e F
* F

Problem 6.1 (8) Correct Answers:

Solution:
E = {aab7cvf7g}

Subsets of E include:

{a,f, g}
{a7b7c7f7g}

Remember that a set is always a subset of itself. By definition, for sets A and B, A = B if and only if
A C Band B C A. From this definition, it is clear that since A = A for any set A, A C A must also be true.

Correct Answers:

e T
e T
e T
* F

Problem 6.1 (9) Correct Answers:

— T ™
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Problem 6.1 (10) Correct Answers:

L]
— T ™ T

Problem 6.1 (11) Correct Answers:

* ACFH

Problem 6.1 (12) Correct Answers:

Correct Answers:
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6.2 Cartesian Products

Problem 6.2 (1) (1 point)
Complete the following:
Let A and B be sets.

The __4)__ of the sets A and B, denoted by A x B, is the set of all __(8) _ (a,b) where ais _(©) _ the set A
(D) pis_(E) the set B.

(A): [select: | intersection | union | difference | sum | Cartesian product | complement ]

(B): [select: | unordered pairs | ordered pairs | sets | numbers ]

(C): [select: | related to | an element of | a subsets of | not related to | not an element of | a
proper subset of | equal to | not equal to ]

(D): [select: | and | or]

(E): [select: | related to | an element of | a subsets of | not related to | not an element of | a
proper subset of | equal to | not equal to ]

Problem 6.2 (2) (1 point)

LetA = {7,8,9,...,20}
LetB={—6,—5,—4,...,3}

Determine which of the following are in A x B (Check all that apply).

TmOO® >

L]

G. (14,—4)
H. (12,0)
I (18,—1)
1. (4,—6)

L]

Problem 6.2 (3) (1 point)
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Let D ={v,z,p} and H = {d, z}.

Determine whether the following statements are true or false.

l. __(z,z)€eDxH
2. _ (z,d)eHxH
3. _(ww)eDxD
4. __(z,p)€eDxH

Problem 6.2 (4) (1 point)
Let A ={2,3,4} and let B={2,3}. Give the set in roster form.

AxB={ }

Problem 6.2 (5) (1 point)

Let A = {2,3,4,5}. Give the set in roster form.

{(¢,9-a) [ac A} ={ }

[although it would be mathematically correct to list elements multiple times, this problem is marked wrong
if you do so.]

Problem 6.2 (6) (1 point)

Let A={-5,—4,-3,—2,—1}. Give the set in roster form.

{(a,amod 4) |ac A} ={ }

[although it would be mathematically correct to list elements multiple times, this problem is marked wrong
if you do so.]

Problem 6.2 (7) (1 point)
Let A= {10,11,12} and let B = {1}. Give the set in roster form.

AxB={ }

Problem 6.2 (8) (1 point)
Let a be an integer.

Suppose that the remainder when a is divided by 4 is 0 and the remainder when b is divided by 4 is 1.
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That is, a mod 4 =0 and b mod 4 = 1.
Find:

(a+a)modd=__
(a+b)mod4=__
(a-b)mod4=__
(a+2)mod4=__

(2-b)mod4=__
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Solutions

Problem 6.2 (1) Correct Answers:

* Cartesian product
* ordered pairs

¢ an element of

e and

¢ an element of

Problem 6.2 (2) Correct Answers:

* CFGHI

Problem 6.2 (3) Correct Answers:

Problem 6.2 (4) Correct Answers:

* (2,2),(2,3),(3,2),(3,3),(4,2),(4,3)

Problem 6.2 (5) Correct Answers:

* (2,18),(3,27),(4,36),(5,45)

Problem 6.2 (6) Correct Answers:

* (-5,3),(—4,0),(-3,1),(—-2,2),(—1,3)

Problem 6.2 (7) Correct Answers:

e (10,1),(11,1),(12,1)

Problem 6.2 (8) Correct Answers:

.
DY O = O
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6.3 Applications of Cartesian Products

Problem 6.3 (1) (1 point)

2

1

d
0

1 2 3 45

The subset of {0,1,2,3,4,5} x{0,1,2} represented by the black pixels in the raster above is:

{ }

[although it would be mathematically correct, answers with repeated elements will be marked as wrong]

Problem 6.3 (2) (1 point)

S = N W

|
0

1 2 3

The subset of {0,1,2,3} x {0, 1,2,3} represented by the black pixels in the raster above is:

{ }

[although it would be mathematically correct, answers with repeated elements will be marked as wrong]

Problem 6.3 (3) (1 point)

S = N W

01 2 3 4

The subset of {0,1,2,3,4} x {0,1,2,3} represented by the black pixels in the raster above is:

{ }

[although it would be mathematically correct, answers with repeated elements will be marked as wrong]

Problem 6.3 (4) (1 point)
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S = N

01 2 3 4 5

The subset of {0,1,2,3,4,5} x {0,1,2} represented by the black pixels in the raster above is:

{ }

[although it would be mathematically correct, answers with repeated elements will be marked as wrong]

Problem 6.3 (5) (1 point)

Find the quotients and remainders:

6div2 = and
6mod2=__

-44 div 21 = and
44mod2l=__
24 div 11 = and
24dmod11=____
-46 div 27 = and
-46mod27=___
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Solutions

Problem 6.3 (1) Correct Answers:

* (2,2),(3,2),(4,2),(0,1),(2,1),(4,1),(5,1),(0,0),(2,0),(3,0)

Problem 6.3 (2) Correct Answers:

* (0,3),(1,3),(1,2),(2,1),(0,0),(2,0),(3,0)

Problem 6.3 (3) Correct Answers:

* (0,3),(1,3),(2,3),(3,3),(4,3),(0,2),(2,2),(4,2),(1,1),(2,1),(3,1),(4,1),(0,0), (1,0),,(2,0),
(3,0),(4,0)

Problem 6.3 (4) Correct Answers:

* (4,2),(0,1),(1,1),(2,1),(4,1),(5,1),(0,0),(1,0),(2,0),(3,0),(4,0)

Problem 6.3 (5) Correct Answers:
Correct Answers:

*3
* 0
e 3
* 19
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Chapter 7

Functions

1. [Definition of Functionl

2. |[Equality of Functions|

3. |[Composite Functions|

4. |Identity Functions|

5. Inverse Functions|
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7.1 Definition of Function

Problem 7.1 (1) (1 point)

Complete the following:

Let A and B be nonempty sets.

A function from A to B assigns __ 4 of Bto __(8) _of A.

(A): [select: | two elements | each element | no element | half of the elements | exactly one element

| some element ]

(B): [select: | two elements | each element | no element | half of the elements | exactly one element
| some element ]

The set A is called the __(©) __ of the function and the set B is called the __(?) _ of the function.

(C): [select: | range | image | subset | codomain | domain | superset | preimage | function ]

(D): [select: | range | image | subset | codomain | domain | superset | preimage | function ]

Problem 7.1 (2) (1 point)

Let g : Z16 — Zyo. Identify the following:

1. g

2. __Zs
3. g(11)
4. __ Zno

Problem 7.1 (3) (1 point)

Let f:Z — Zsg, f(x) = (x) mod 8. Find:
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f(16) =

Problem 7.1 (4) (1 point)

Let the function k : Zo — Z7 be given by k(x) = (14 x) mod 7.

Find k evaluated at all elements of its domain.

In roster form the image of A under & is {k(x) | x € Zo} = {

In roster form the graph of k is {(x,k(x)) | x € Zo} = {

Problem 7.1 (5) (1 point)

Suppose that the graph of the function k is given by
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1 |

0

01 2 3 4 x

In roster form the graph of & is { }.
In roster form the domain of kis A = { }.
In roster form the codomain of k is B = { }.

Find k evaluated at all elements of its domain.

In roster form the image of A under k is {k(x) |[x € A} ={

Problem 7.1 (7) (1 point)
Consider the function G : Z — 7Z defined by G(x) = —2x* —3x+ 3.
Evaluate the following:

a. G(0) =

b.G(—-2)=____
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Problem 7.1 (8) (1 point)

Let S:={—10,-5,0,5,10} and let g : S — S be given by the following table of values.

y | —10] =51 0] 5 ] 10
gy)| =10 O | 5] =5]| 10

Use the table to fill in the missing values. There may be more than one correct answer, in which case you
should enter your answers as a comma separated list. If there are no correct answers, enter NONE. help
(numbers)

8(0)=—
8(5) = —
g(—)=0
g(—)=5

Problem 7.1 (9) (1 point)
Consider the function

g:i{-2,-1,..,6,7} = {-2,-1,...,6,7}

Find g(—2).
8(=2)=—

Problem 7.1 (10) (1 point)
Let f : Z3 — Z3, f(x)=(0) mod 3.

Evaluate f at all elements of the domain:
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Problem 7.1 (11) (1 point)
Let the function  : Z7 — Zs be given by h(x) = (4-x) mod 5.

Find A evaluated at all elements of its domain.

In roster form the image of A under his {h(x) | x € Z7} = {

In roster form the graph of i is {(x,h(x)) | x € Z7} = {

Problem 7.1 (12) (1 point)

Suppose that the graph of the function & is given by

=
O =N WAL
SN—

01 23456 «x

In roster form the graph of k is {(x,k(x)) |x € A} ={

In roster form the domain of kis A = { }.

In roster form the codomain of k is B = { }.
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In roster form the image of A under & is {k(x) | x € A} = {

Find k evaluated at all elements of its domain.

Problem 7.1 (13) (1 point)

Suppose that the graph of the function f is

f(x)

7

6

5

4

3

2

1

0

01 23 45 6 78 9 10 x

In roster form the domain of fis A = { }.
In roster form the codomain of f is B = { }.

In roster form the image of A under fis {f(x) |[x € A} = {

Find f evaluated at all elements of its domain.
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Solutions

Problem 7.1 (1) Correct Answers:

* exactly one element
¢ each element

¢ domain

¢ codomain

Problem 7.1 (2) Correct Answers:

* N
D
L |

e C

Problem 7.1 (4)
Hint: The image of A under £ is:

{k(x) | x € Zo} = {k(x) | x € {0,1,...,9} = {k(0),k(1),....k(8)} = {1,2,...,2}

The graph of k is:
{(x,k(x)) | x€Zo} = {(x,k(x)) | x€{0,1,2,...,8}} ={(0,k(0)), (1,k(1)),...,(8,k(8))} ={(0,1),(1,2),..

Correct Answers:
* k(0)=1,k(1)=2,k(2) =2,k(3) =0,k(4) =2,k(5) =0,k(6) =0,k(7) =1,k(8) =2
* The image of k is {1,2,0}
* The graph of k is {(1,2),(2,2),(4,2),(8,2),(0,1),(7,1),(3,0),(5,0),(6,0)}
Problem 7.1 (5)

Hint: The graph of the function k is the subset of the Cartesian product {0, 1,...,4} x {0,1,...,10} that is
represented by black pixels. Thus the graph of & is

{(0,2),(1,6),...,(4,1)}

The domain of k is the set that contains all possible values for x. They are the values on the horizontal axis
of the plot.

The codomain of k is the set that contains all possible values for f(x). They are the values on the vertical
axis of the plot.

Because the graph of k is {(x,k(x)) | x € A} we can read of the values of k evaluated at the elements of the
domain from the graph and get:

k(0) =6, k(1) =6, and k(4) = 1

We can also directly read these values off the plot by finding the vertical coordinate k(x) of the black pixel
with horizontal coordinate x.
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The image of A under & is:
{k(x) |x€{0,1,...,4} = {k(0),k(1),...,k(4)} = {2,6,...,1}

Correct Answers:

« The graph is {(2,9),(3,9),(1,6),(0,2), (4, 1)}
* The domain is {0, 1,2,3,4}

* The codomain is {0,1,2,3,4,5,6,7,8,9,10}
k(0) =2, k(1) = 6, k(2) = 9, k(3) = 9, (k(4) = 1
The image is {2,6,9,1}

L]

Problem 7.1 (6) Correct Answers:

7
e 7

Problem 7.1 (7) Correct Answers:
Solution:

To evaluate a function at a particular value, substitute that value for x in the function’s formula and simplify.

a. G(0) = —2(0)2 —3(0) +3
=-2(0)+0+3
=0+0+3
=3

b. G(—2) = —2(-2)> —3(=2)+3
= —2(4)+6+3
=-8+6+3
=1

Correct Answers:

*3
1

Problem 7.1 (8) Correct Answers:

.5
. -5
. -5
<0

Problem 7.1 (9) Correct Answers:

e 6

Problem 7.1 (10) Correct Answers:

159



.
S O O

Problem 7.1 (11) Correct Answers:

L]
SorO—~DNDWLWREO

4,3,2,1
,4),(6,4),(2,3),(3,2),(4,1),(0,0),(5,0)

Problem 7.1 (12)
Hint: The graph of the function k: A — B is

{(x,k(x)) |[x€ A} CAXB.
In the plot the elements of the graph are represented by black pixels. Thus in our case:

{(x,k(x)) |[x€ A} ={(0,2),(1,3),(2,4),...}

Correct Answers:

 The graph is {(0,2),(1,3),(2,4),(3,6),(4,5),(5,8),(6,5)}
« A=1{0,1,2,3,4,5,6}

« B=1{0,1,2,3,4,5,6,7,8}

* The image is {2,3,4,6,5,8}

.
LN oo QN B WD

Problem 7.1 (13)
Hint: The graph of the function f: A — Bis

{(x,f(x)) |x€ A} CAXB.

In the plot the elements of the graph are represented by black pixels.

Correct Answers:

. 0,1,2,3,4,5,6,7,8,9, 10
.« 0,1,2,3,4,5,6,7
.« 2.1,0,7,6,5,4,3
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Problem 7.1 (3) Correct Answers:

cn oon O
e o o
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7.2 Equality of Functions

Problem 7.2 (1) (1 point)

Complete the definitions:

Let A and B be sets and f: A — B and g : A — B be functions.
We say that f and g 4 and write f = g if _(8)_forall a € A.

(A): [select: | are equal | are not equal | are subsets | are not subsets | are composites | are
inverses |

(B): [select: | f(a)isnot g(a) | f(a) <g(a) | f(a)>g(a) | f(a)=g(a)]

If fand g _(©) | we write f # g.

(C): [select: | are equal | are not equal | are subsets | are not subsets | are composites | are
inverses |

Problem 7.2 (2) (1 point)

To determine whether the functions
f:Zg—Zg, f(x)=(x+2) mod 8 and
g:Zg— Zg, g(x)=(x—6) mod 8

are equal, evaluate them at all points of their domain:

f0)=— ¢(0)=—
f)=— g(l)=—
f2)=— ¢(2)=—
fB)=— 8B)=—
fA)=— g4)=—
f5)=— &85 =—
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Now conclude whether they are equal.
The function f _ the function g.

[select: | is equal to | is not equal to ]

Problem 7.2 (3) (1 point)

To determine whether the functions
f:Zs—Zs, f(x)=(1-x) mod 5 and
g:%Zs—Zs, g(x)=(2-x) mod 5

are equal, evaluate them at all points of their domain:

f0)=_— g0)=_—
f)=_— g(l)=—
fQ)=— g2)=—
f3)=— gB)=—
fA=_ g4)=__

Now conclude whether they are equal.
The function f the function g.

[select: | is equal to | is not equal to ]

Problem 7.2 (4) (1 point)

Let f : Z9 — Zg, be given by
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Let g:Z9 — Zg, g(x) =2 mod 8.
To determine whether the functions f and g are equal find:

F0) = g(0)=
FO) = g1)=__
f@) = s =
fB) = g3 =
fA) = g)=_
f5) = g(5)=—
f(6) = g(6)=__
fO) = ()=
f8) = g(8)=__

Now conclude whether f and g are equal.

The function f __(4)__ the function g, because f(x) &) g(x) for _(©)

(A): [select: | is equal to | is not equal to ]
(B): [select: | is equal to | is not equal to ]

(C): [select: | for x=0 | for x=1 | for x=2 | for x=3 | for x=4 | for x=5 | for x=6 | for x=7 | for
x=8 | forallxin{0,1,2,3,4,5,6,7,8 } |
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Problem 7.2 (5) (1 point)

To determine whether the functions
f:Z4— Za, f(x)=(x+1) mod 4 and
8 Zs — Za, g(x)=(x—1) mod 4

are equal, evaluate them at all points of their domain:

fO)=— g(0)=—
f)=— g(l)=—
f2)=— ¢(2)=—
fB)=— 8(3)=—

Now conclude whether they are equal.
Thefunction f _ the function g.

[select: | is equal to | is not equal to ]

Problem 7.2 (6) (1 point)

To determine whether the functions
f:Z7—Z7, f(x)=(1-x) mod 7 and
g: %27 — 77, g(x)=(2-x) mod 7

are equal, evaluate them at all points of their domain:

f0)=— ¢(0)=—
f)=— ¢g(l)=—
f2)=— 8(2)=—
fB)=— ¢B8)=—
fA)=— g4 =—
f5)=— &85 =—
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Now conclude whether they are equal.
The function f the function g.

[select: | is equal to | is not equal to ]

Problem 7.2 (7) (1 point)

To determine whether the functions
f:Z§ = Z5, f(x) =x*mod 3 and
gL = L3, gx)=1

are equal, evaluate them at all points of their domain:

Now conclude whether they are equal.
The function f _ the function g.

[select: | is equal to | is not equal to ]

Problem 7.2 (8) (1 point)
For each of these pairs of functions f and g decide whether f and g are equal.

When in doubt, make a table of the values of both functions under consideration for all elements in their
domain.

E = Equal and N = Not equal
l. _ f:Zs—Zs, f(x) =(x+1)mod5and g:Zs —Zs, g(x)=(x—4) mod 5
2. __f2Z—Z, fx)=x+landg:Z—Z, g(x)=x—4
3. — f:Zw— Z, f(x)=(x+3)mod 10 and g : Z1p — Z0, g(x) = (x—3) mod 10

4. __ f:73—73, f(x) =x*mod 3and g: Z3 — Z3, g(x) =x
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Solutions

Problem 7.2 (1) Correct Answers:

e are equal

* f(a) = g(a)
e are not equal

Problem 7.2 (2) Correct Answers:

.
— = O O NN R R W W

* isequal to

Problem 7.2 (3) Correct Answers:

.
]

[ ]
WA = W hAhNODN~=O

* is not equal to

Problem 7.2 (4) Correct Answers:
Hint: The graph of the function f: A — B'is

{(x,f(x)) |x€A} CAxB.

In the plot the elements of the graph are represented by black pixels.

Two functions f: A — B and g : A — B are equal when f(x) = g(x) for all x € A.

Correct Answers:
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.
S OO PO OO ODODODOO R PR~ =

* is not equal to
* is not equal to
 for x=7

Problem 7.2 (5) Correct Answers:

.
DO = WO DN W=

* is not equal to

Problem 7.2 (6) Correct Answers:

[ ]
AWU I~ B AWANN— OO
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5
* is not equal to

Problem 7.2 (7) Correct Answers:

L]

L]
[S O G G —

* isequal to

Problem 7.2 (8) Correct Answers:

Zz'zzm

169



7.3 Composite Functions

Problem 7.3 (1) (1 point)
Complete the definitions:
Letf: B— Cand g: A — B be functions.

The 4 of f and g, written fog, is the function fog : _(8) — _(©)  defined by fog(x) = f(g(x)).

(A): [select: | subset | identity | inverse | composite ]

(B): [select: | A | B | C]

(C): [select: | A | B | C]

Problem 7.3 (2) (1 point)
Consider the two functions
f1Z3— Za, f(x) = (x+1) mod 3
and

g: 7 — 73, g(x) = (0) mod 3.
Evaluate:

8(0)=— f((0)=—
g(1)=— f(s(1))=—
8(2)=— f(s(2))=—

Problem 7.3 (3) (1 point)

Consider the two functions

f:Zs— Zs, f(x) = (x> +4) mod 5
and

g:7Z — Zs, g(x) = (4x*> +3x) mod 5.
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Evaluate:

8(0)=— f(g(0)) = —
g(l)=— f(g(1)) = —
8(2)=— f(5(2))=—
8B3)=— f(eB3) =—
g4 =— fle@)=—

Problem 7.3 (4) (1 point)

Consider the two functions

h: Z¢ — 7 given by h(x) = ((1-x*) +0) mod 2
and

m: Ze — Zg given by m(x) = ((1-x*) +5) mod 6.

Evaluate:

m(0)=__ (hom)(0)=__
m(1)=__ (hom)(1)=__
m2)=__ (hom)(2)=__
m3)=__ (hom)(3)=__
md)=__ (hom)(4)=__
m(5)=__ (hom)(5)=__

Problem 7.3 (5) (1 point)

Consider the two functions

g: Zs — Z4 given by g(x) = (3x+2) mod 4
and

h:7Z4 — Zy4 given by h(x) = (3) mod 4.
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Let f:=goh.

Evaluate:

Problem 7.3 (6) (1 point)

Let f(x) = 2x2, g(x) = 6x+2, and h(x) = x>+ 4x+ 2. Find the following:
(fog)(3)=— f(g3)=—

(g0/)(0) = — &(f(0)) = —

(hoh)(2) = h(h(2)) = __
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Solutions

Problem 7.3 (1) Correct Answers:

* composite
« A
e C

Problem 7.3 (2) Correct Answers:

o
—_0 = O = O

Problem 7.3 (3) Correct Answers:

°
O = A O =N~ NDAO

Problem 7.3 (4) Correct Answers:

.
SO = WO~ WO~ W

Problem 7.3 (5) Correct Answers:

.
W W W W
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Problem 7.3 (6) Correct Answers:

* 800
» 800
L
LI
e 254
* 254
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7.4 Identity Functions

Problem 7.4 (1) (1 point)
Complete the following.
Let A be a nonempty set. The identity function on A is the function idy : A — A given by ids(x) = .

[select: [ 2 [0 |1 |-1|x|-x[1]-1]

LetBbeasetand f:A — B and g : B— A be functions.
Then (f o ids(x))= .

. 1 1 1
[select: | 2 [0 [1|-1[x|-x][fx) [-fx)|gx) [ 5[5 —x]
and (idy o @)(x)= .

[select: | 2 [0 |1 ]-1]x|-x|fx |-fx)|gx | 5| L] -1]

Problem 7.4 (2) (1 point)
Compute:

0 mod4=__
I modd=__
2 mod4=__
3 modd=__
4 mod4=__
5 mod4=__
6 modd4=__
7 mod4=__
8§ mod4=__

9 modd=__
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Problem 7.4 (3) (1 point)

Let f : Z7 — Z7 be given by f(x) = (3x%+6x*) mod 7.

Let idz, : Z7 — Z7 given by idz, (x) = x be the identity function on Zs.
Evaluate f and idz, at all elements of the domain:

£0) = idgy(0)=

F() = idgy (1) =

f@) = ()=

fB)=— idz,(3) = —

f#) = idg ()=

f5) = idey(5)=

£(6) = idz,(6) =

Now determine whether f is equal to idz,.

The function f to idz,.

[select: | is equal | is NOT equal ]

Problem 7.4 (4) (1 point)

Let f: Zs — Zs, f(x)= (4x’ +2x) mod 5.
Evaluate f at all elements of the domain:
F0) = idzy(0) =0

f()y=__ idz(1)=1

f2) = iz, (2)=2
fB)=_ idz,(3)=3
f) = idg,(4) =4
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Now determine whether f is equal to the identity function idz,. For you convenience the values of idz, at
all elements of its domain are also given above.

The function f on Zs.

[select: | is the identity function | is NOT the identity function ]

Problem 7.4 (5) (1 point)
Let f: Z3 — Z3, f(x)= (x*) mod 3.

Evaluate f at all elements of the domain:

Now conclude whether f is equal to the identity function on Zj3.

The function f on Zs3.

[select: | is the identity function | is NOT the identity function ]

Problem 7.4 (6) (1 point)

Suppose that the graph of the function g is

oo
S —, N WAL O
SN—

01 2 3 45 6 7 8 9 «x

In roster form the domain of gis A = { }.
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In roster form the codomain of g is B = { }.

In roster form the image of A under g is {g(x) |[x€ A} = {

Find g evaluated at all elements of its domain.
(0) =
(1
(2
(3
(4
(5
(
(
(
(

o
Il

oQ

09 09 09
I

oq

6) =
7
8

9

o

oQ

~— — — — — — — — ~— —

oq

The function g is

[select: | the identity function | not the identity function ]

Problem 7.4 (7) (1 point)

Suppose that the graph of the function f is

~
—
Na¥

"

0O 1 2 3 4 «x

S = N WA

In roster form the domain of fis A = { }.

In roster form the codomain of f is B = { }.

In roster form the image of A under fis {f(x) |[x € A} = {

Find f evaluated at all elements of its domain.
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f#=—

The function f is

[select: | the identity function | not the identity function ]

179



Solutions

Problem 7.4 (1) Correct Answers:

* X
o f(x)
* g(x)

Problem 7.4 (2) Correct Answers:

°
—_— O W N = O WD =O

Problem 7.4 (3) Correct Answers:

.
AN = AN WLWAND = =DNDOO

* is NOT equal
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Problem 7.4 (4) Correct Answers:

e 0
o 1
e 1
.4

4

is NOT the identity function

Problem 7.4 (5) Correct Answers:

* 0
e 1
1
* is NOT the identity function

Problem 7.4 (6) Correct Answers:
Hint: The graph of the function g: A — B is

{(x,g(x)) |x€ A} CAXB.

In the plot the elements of the graph are represented by black pixels.

The function g is the identity function on A when B = A and g(x) = x for all x € A.
Correct Answers:

«0,1,2,3,4,5,6,7,8,9

* 0,1,2,3,4,5,6,7,8,9

* 0,1,2,3,4,5,6,7,8,9

* 0

.
O 00 OBk WN -

* the identity function

Problem 7.4 (7) Correct Answers:
Hint: The graph of the function f: A — Bis

{(x,f(x)) |x€A} CAXB.

In the plot the elements of the graph are represented by black pixels.

The function f is the identity function on A when B = A and f(x) = x for all x € A.

Correct Answers:
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* 0,1,2,3,4

0,1,2,3,4
3,2,4,1
3

—_— kNN

not the identity function

182



7.5 Inverse Functions

Problem 7.5 (1) (1 point)

Complete the following:

Definition. Let f: A — B be a function.

We say f is invertible if _(4) _element _(8) _ _ (©) element _(?) _such that _(£)

(A): [select: | for every | there is exactly one | for one ]

(B): [select: | ainA | binB ]

(O): [select: | for every | there is exactly one | for one ]

(D): [select: | ainA | binB]

(E): [select: | f(@)=b | f(b)=a | f(a)=1]

Definition. The inverse function f~!: _(4) _ of an invertible function f : A — B is the function that assigns
to each element __(8) _ the unique element __(©)__ such that _(?)

(A): [select: | A—B | B—A]

(B): [select: | ainA | binB ]

(C): [select: | ainA | binB ]

(D): [select: | f(a)=b | f(b)=a | f(a)=1]

Theorem. If a function f : is invertible and f~! : B — A is its inverse, then f is the inverse of f~!.
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[select: | A—B | B—A]

Theorem. Let f:A — Bbe a function and let ! :
The function f~! o f is the __(©)

(A): [select: | A—»B | B—A]

(B): [select: | identity function on A | identity function on B ]

(O): [select: | identity function on A | identity function on B ]

(4)

be its inverse, The function fo f~! is the

(B)

Problem 7.5 (2) (1 point)

Consider the function g : {8,9,...,16,17} — {8,9,...,16,17} given by

x |81 9 10|11 |12 |13 |14 15|16 | 17
gx) (9|11 |12 17| 8 |16 |14 | 13| 15| 17
Is the function g invertible ?
__(YorN)
If g is invertible find g~!(17). If g is not invertible leave the field empty.
g ' (17)=—
Problem 7.5 (3) (1 point)
Consider the function
¢:{-8,-7,..,0,1} - {-8,-7,...,0,1}
x |8]-7]-6|-5]-4]-3]2]-1]0]1
ox)| 1 |60 |-4|-3[-8]2|-7|-5]|-1

Is the function @(x) invertible? ___ (Y or N)

Problem 7.5 (4) (1 point)

Assume that the function f is invertible. Denote the inverse of f by f~!.
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If f(8) =5then f!(5)=__.

If f~1(—5) = —9 then f(—9) = __.

Problem 7.5 (5) (1 point)
Let f: Zy — Zs, f(x) = (x) mod 2.

Evaluate f at all elements of its domain.

Thus the function f .

[select: | is invertible | is not invertible ]

Problem 7.5 (6) (1 point)

Consider the function g : {—3,-2,...,5,6} — {—3,-2,...,5,6} given by

x |3]2[-1]0][1][2]3]4]5
g |03 2[3[1[-1|2[6[5]0

o)}

Is the function g invertible ? ___ (Y or N)

Problem 7.5 (7) (1 point)

Let f: Z11 — Zy1, f(x) = (6x) mod 11. Evaluate f at all elements of the domain:
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£00) =

The function f is invertible. Find the image of the inverse f~! of f at all elements of its domain.

Problem 7.5 (8) (1 point)
Let f: Z¢ — Z¢, f(x) = (14x) mod 6.

Evaluate f at all elements of the domain:

186



Problem 7.5 (9) (1 point)

Suppose that the graph of the function k is

k(x)

m

W A LN 0O

0 1

2 3 4 5 6 x

In roster form the domain of k is A = {

In roster form the codomain of k is B = {

Find k evaluated at all elements of its domain.
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k(6) =

In roster form the image of A under & is {k(x) | x € A} = { }.

The function kis

[select: | the identity function on A | not the identity function on A ]

The function £k is

[select: | invertible | not invertible ]

If the function £ is invertible complete the following. Otherwise leave the fields empty.

In roster form the domain of the inverse k! of k is { }.

In roster form the codomain of k! is { }.

Give the preimages of all elements of the codomain.

Problem 7.5 (10) (1 point)
Determine which of these functions are invertible.

When in doubt, make a table of the values of the functions for all elements in its domain and then determine
whether it is invertible.

l. _ f:Zs—7Zs, f(x)=(x+2) mod5
2. f:Z0— Zyo, f(x)=(2-x) mod 10

3. _ f:Z7 =74, f(x)=(x*) mod7

)=
4. _ f:7s5s—Zs, f(x)=(x*) mod 5

Problem 7.5 (11) (1 point)
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Let S:={1,2,3,4,5} and let g: S — S be given by the following table of values.

gy) | 1| 3| 5] 4|2

Use the table to fill in the missing values. There may be more than one correct answer, in which case you
should enter your answers as a comma separated list. If there are no correct answers, enter NONE. help
(numbers)
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Solutions

Problem 7.5 (1) Correct Answers:

* for every

*binB

* there is exactly one
*ainA

» f(a)=b

* B—A

*binB

*ainA

e f(a)=b

*A—B

* B—A

* identity function on B
* identity function on A

Problem 7.5 (2) Correct Answers:

* N

L]

Problem 7.5 (3) Correct Answers:

*Y

Problem 7.5 (4) Correct Answers:

.8
. -5

Problem 7.5 (5) Correct Answers:

0
o ]
¢ is invertible

Problem 7.5 (6) Correct Answers:

* N

Problem 7.5 (7) Correct Answers:

.
O W oo NI = OO
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o

)
c\lmwy—.aooo\-bwom»—‘-b

Problem 7.5 (8) Correct Answers:

.
A LW = O UnNO KA WD -

Problem 7.5 (9) Correct Answers:
Hint: The graph of the function k: A — B is

{(x,k(x)) |[x€ A} CAxB.
In the plot the elements of the graph are represented by black pixels.

The function & is the identity function on A when B = A and k(x) = x for all x € A.

The function & is invertible when for each y € B there is a unique x € A such that k(x) = y.

Correct Answers:

* The domain of kis A = {0, 1,2,3,4,5,6}
* The codomain of k is B = {3,4,5,6,7,8,9}
 k(0) =
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.« k(5)=6

* k(6)=7

* The image of A under k is {8,9,3,4,5,6,7}
* fis not the identity function on A.

* kisinvertible.

* The domain of k! is {3,4,5,6,7,8,9}.

* The codomain of k! is {0,1,2,3,4,5,6}

|
w
S~—
|
S}
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Chapter 8
Codes

1. [Character Encoding]|

2. [Symmetric Key Cryptography|

3. |Caesar Ciphers

4. |Other Substitution Ciphers|

5. [Frequency Analysis|
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8.1 Character Encoding

Problem 8.1 (1) (1 point)
We encode sequences of characters with the function

C:{-,a,b,c,...,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.
Decode the sequence of integers into a string using the inverse of the endcoding function C:

20,18,1,9,20, 15,18

Problem 8.1 (2) (1 point)

Let
C:{-,ab,c,..,z} - {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

Encode the word into a sequence of integers, separated by commas, using the function C:

traveler

Problem 8.1 (3) (1 point)
We encode sequences of characters with the function

C:{-,ab,c,..,z} =+ {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.
Decode the sequence of integers into a string using the inverse of the endcoding function C:

19,16,1,3,5

Problem 8.1 (4) (1 point)

Let
C:{—,ab,c,..,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

Encode the word into a sequence of integers, separated by commas, using the function C:

traveler

Problem 8.1 (5) (1 point)

We encode sequences of characters with the function

C:{-,ab,c,..,z} - {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.
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Decode the sequence of integers into a string using the inverse of the endcoding function C:

1,12,5,18,20

Problem 8.1 (6) (1 point)

Let
C:{-,ab,c,..,z} - {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

Encode the word into a sequence of integers, separated by commas, using the function C:

traveler

Problem 8.1 (7) (1 point)
Find the quotient and remainder:
55divi=__

55mod3=__
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Solutions

Problem 8.1 (1) Correct Answers:

Solution:
The decoded word is:

Correct Answers:

e traitor

traitor

Problem 8.1 (2) Correct Answers:

. 20,18,1,22,5,12,5,18

Problem 8.1 (3) Correct Answers:

Solution:
The decoded word is:

Correct Answers:

* space

space

Problem 8.1 (4) Correct Answers:

. 20,18,1,22,5,12,5,18

Problem 8.1 (5) Correct Answers:

Solution:
The decoded word is:

Correct Answers:

o alert

alert

Problem 8.1 (6) Correct Answers:

. 20,18,1,22,5,12,5,18

Problem 8.1 (7) Correct Answers:

* 18

e 1
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8.2 Symmetric Key Cryptography

Problem 8.2 (1) (1 point)

Complete the following.

In description of cryptographic protocols:
_ @) sends a message to __(B)

(A): [select: | Alice | Bob | Eve | Oscar ]

(B): [select: | Alice | Bob | Eve | Oscar ]

_(© _ eavesdrops on the communication between __(2) _and _(£)

(O): [select: | Alice | Bob | Eve | Oscar ]

(D): [select: | Alice | Bob | Eve | Oscar ]

(E): [select: | Alice | Bob | Eve | Oscar ]

Problem 8.2 (2) (1 point)
Complete the following.

In a symmetric encryption protocol _4) _and _(®) _ agree on an encryption method, a decryption method,
and a key that is used for encryption and decryption.

(A): [select: | Alice | Bob | Eve | Oscar ]

(B): [select: | Alice | Bob | Eve | Oscar ]

©)
(D)

encrypts a message using the encryption method and the key. She sends the encrypted message to

(C): [select: | Alice | Bob | Eve | Oscar ]

197



(D): [select: | Alice | Bob | Eve | Oscar ]

(E) _receives the message from __(F)__and decrypts the message using the decryption method and the key.

(E): [select: | Alice | Bob | Eve | Oscar ]

(F): [select: | Alice | Bob | Eve | Oscar ]

Problem 8.2 (3) (1 point)

Find the quotients and remainders:

89470 div 1256 = and
89470 mod 1256 =
87435 div 2349 = and
87435 mod 2349 =___
61352 div 1845 = and
61352 mod 1845=___
5687 div 2960 = and
5687 mod 2960 =___
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Solutions

Problem 8.2 (1) Correct Answers:

e Alice
* Bob
e Eve
e Alice
¢ Bob

Problem 8.2 (2) Correct Answers:

e Alice
* Bob
e Alice
* Bob
* Bob
e Alice

Problem 8.2 (3) Correct Answers:

L]

71
* 294
» 37
e 522
* 33
e 467
e 1
e 2727

199



8.3 Caesar Ciphers

Problem 8.3 (1) (1 point)
We represent the character space by —.

For their secure communication Alice and Bob use a Caesar Cipher shifting by 2 characters. Alice sends an
encrypted message to Bob:

qspc

To decrypt the message Bob uses the decryption function D : A — A given by

Using the function D Bob decrypts the message and obtains:

Problem 8.3 (2) (1 point)
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We write — for the character space. Decrypt the message that was encrypted with the Caesar cipher shifting
by 2 characters.
cvcpagqc

Problem 8.3 (3) (1 point)
We represent the character space by —.
For their secure communication Alice and Bob use a Caesar Cipher shifting by 3 characters. Alice wants to

send the following message to Bob.

dog

Alice uses the encryption function E : A — A given by:

&
|
|

i

)

o

O

Q.

o®

Hh

5 0m

-

by G,

[}

8

o

o

Q

a}

[4)]

ct

e

<

=

kel

<

s aicicfasgagngnyagaicpagsggan ey
B
I

N

s

Using the function E Alice encrypts the message and obtains:
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Problem 8.3 (4) (1 point)

We write — for the character space. Encrypt the word with the Caesar cipher shifting by 4 characters.

beautiful

Problem 8.3 (5) (1 point)

We write — for the character space. Decrypt the message that was encrypted with the Caesar cipher shifting
by 10 characters.
ehzxzd

Problem 8.3 (6) (1 point)

We write — for the character space. Encrypt the word with the Caesar cipher shifting by 4 characters.

binary

Problem 8.3 (7) (1 point)
Find the quotient and remainder:
35div50=__

35mod50=__
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Solutions

Problem 8.3 (1) Correct Answers:

L
N< X g<e T» 70D opBsg — K~ =500@Q "o oo o

*a
¢ surc

Problem 8.3 (2) Correct Answers:

* exercise

Problem 8.3 (3) Correct Answers:

.
N < X

.
g = 0o o 60 o e
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L]
£ <e~"»wmowoOoBg —RF— D

.
ot}

—_
o

Problem 8.3 (4) Correct Answers:

* yaxgpebgh

Problem 8.3 (5) Correct Answers:

* origin

Problem 8.3 (6) Correct Answers:

* yejxnu

Problem 8.3 (7) Correct Answers:

* 0
* 35
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8.4 Other Substitution Ciphers

Problem 8.4 (1) (1 point)
Let f: Zy — Za, f(x) = (24 x) mod 4.

Evaluate f at all elements of the domain:

Problem 8.4 (2) (1 point)
Bob receives an encrypted message from Alice:
htklslxfkx
First he applies the encoding function
C:{-,ab,c,..,z} =+ {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

to each character of the encrypted message and obtains a sequence of integers:

Then Bob applies the decryption function
D:{0,1,2,3,...26} — {0,1,2,3,...26}, D(x) = (x—19) mod 27.

to each of those numbers. He gets the sequence of integers:
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Turning the integers back into characters using the inverse of the function C he obtains the plain text (where
the character space is represented by — ):

Problem 8.4 (3) (1 point)

Alice wants to send this message to Bob:
world

First Alice applies the encoding function
C:{-,ab,c,..,z} - {0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

She obtains a sequence of integers:

Then Alice encrypts the message using the encryption function
E:{0,1,2,3,..26} — {0,1,2,3,..26}E(x) = (x+ 14) mod 27.

She gets the sequence of integers:

For transmission she converts the integers back into characters (write — for the character space) using the
inverse of the function C:

Problem 8.4 (4) (1 point)

Alice and Bob meet and agree to use the code
C:{—,a,b,c,...,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.
to map characters to integers and to use the function
E:{0,1,2,3,..26} —{0,1,2,3,...26},E(x) = (x+ 18) mod 27
for encryption. The inverse of the function E is
E~':{0,1,2,..,26} —{0,1,2,...,26},E"'(x) = (x— 18) mod 27

They also agree to send their messages as sequences of integers.

Alice wants to send Bob the secret message:
toad
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She encodes the characters with the function and obtains:

Alice sends these integers to Bob.

Bob receives the message and evaluates the function E~! at the integers send by Alice:

Problem 8.4 (5) (1 point)
Alice and Bob meet and agree to use the code

C:{—,a,b,c,...,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.
to map characters to integers and to use the function

E:{0,1,2,3,..26} = {0,1,2,3,..26}E(x) = ((7-x) +5) mod 27

for encryption. The inverse of the function E is
E1:{0,1,2,...,26} — {0,1,2,...,26}E " (x) = ((4-x) +7) mod 27.

They also agree to send their messages as sequences of integers.

Alice wants to send Bob the secret message:
form

She encodes the characters with the function and obtains:




Alice sends these integers to Bob.

Bob receives the message and evaluates the function E~! at the integers send by Alice:

Bob has decrypted thesecret message:

Problem 8.4 (6) (1 point)
Bob receives an encrypted message from Alice:
ogdcsjt
First he applies the encoding function
C:{—,a,b,c,..,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

and obtains this sequence of integers:

Bob decrypts the message using the decryption function
D:{0,1,2,3,..26} — {0,1,2,3,..26}D(x) = (14- (x —4)) mod 27.

He gets the sequence of integers:

Applying the inverse of the encoding function C Bob obtains the plain text:

Problem 8.4 (7) (1 point)

Alice wants to send this message to Bob:

green —alert
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First she applies the encoding function
C:{—,a,b,c,...,2} -+{0,1,2,3,..26},C(—) =0,C(a) = 1,...,C(z) = 26.

and obtains this sequence of integers:

Then Alice encrypts the message using the encryption function
E:{0,1,2,3,...,26} — {0,1,2,3,...,26},E(x) = (4-x+5) mod 27.

She gets the sequence of integers:

For transmission she converts the integers back into characters using the inverse of the function C:
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Solutions

Problem 8.4 (1) Correct Answers:

.
_— O W= O W

Problem 8.4 (2) Correct Answers:

. 8,20,11,12,19,12,24,6,11,24
. 16,1,19,20,0,20,5,14,19,5
b past—tense

Problem 8.4 (3) Correct Answers:

* 23/15,18,12,4
* 10,2,5,26,18
* jbezr

Problem 8.4 (4) Correct Answers:

. 20
. 15
.1

.4

. 11
.6

< 19
.22
. 20
5

[ ]
O S 0 = A==

Problem 8.4 (5) Correct Answers:

e 6

e 15
* 18
* 13
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e form

Problem 8.4 (6) Correct Answers:

* 15,7,4,3,19,10,20
* 19,15,0,13,21,3,8
¢ so-much

Problem 8.4 (7) Correct Answers:
e 7,18,5,5,14,0,1,12,5,18,20

* 6,23,25,25,7,5,9,26,25,23,4
* fwyygeizywd
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8.5 Frequency Analysis

Problem 8.5 (1) (1 point)

Let
A={— ab,c,..,z}

where — represents the character space.
Which four characters from A occur most frequently in English language texts (written in lower case only)?

Most frequently:

2nd most frequently:
3rd most frequently: ___
4th most frequently:

Problem 8.5 (2) (1 point)
We represent the character space by —.
The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve

intercepts the following message sent form Alice to Bob:

kzrfygqyzyjmrymdydsl

Eve counts the frequency of the characters and concludes that the character space is encrypted as the char-
acter __.

Problem 8.5 (3) (1 point)
We represent the character space by —.
The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve

intercepts the following message sent form Alice to Bob:

oekqmzbbqieedqruczjqriqcktyqriqzqdvvuqwhecqoek

Eve counts the frequency of the characters and concludes that the character — (space) was encrypted as the
character ___.

This tells Eve which encryption function Alice used. Alice’s encryption function E : A — A is given by:
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Now Eve also knows the decryption function D : A — A. Recall that the input for the decryption function
is the cipher text, and the output of the decryption function is the plain text. The decryption function D is
given by:
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Using the function D Eve decrypts the message and obtains:

Problem 8.5 (4) (1 point)
We represent the character space by —.
The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve

intercepts the following message sent form Alice to Bob:

xnawukqwognawsawzxjwikrawejwpeiawxj —wolxza

Eve counts the frequency of the characters and concludes that the character — (space) was encrypted as the
character .

This tells Eve which encryption function Alice used. Alice’s encryption function E : A — A is given by:
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Now Eve also knows the decryption function D : A — A. Recall that the input for the decryption function
is the cipher text, and the output of the decryption function is the plain text. The decryption function D is
given by:

Using the function D Eve decrypts the message and obtains:

Problem 8.5 (5) (1 point)
We represent the character space by —.

The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve
intercepts the following message sent form Alice to Bob:
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zrqxeltxyzlrqgxrmxykaxaltk

Eve counts the frequency of the characters and concludes that the character ___ has to be decrypted as the
charater — (space).

With this Eve finds the decryption function D : A — A. Recall that the input for the decryption function
is the cipher text, and the output of the decryption function is the plain text. The decryption function D is
given by:
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Using the function D Eve decrypts the message and obtains:

Problem 8.5 (6) (1 point)
We represent the character space by —.

The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve
intercepts the following message sent from Alice to Bob:
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rdoghvrbgseuoqckijqyrlvqvnjvdizedqzdqwekhquzhvt jzedi

Eve counts the frequency of the characters and concludes that the character space is encrypted as the char-
acter .
With this information Eve decrypts the message and obtains:

Problem 8.5 (7) (1 point)
We represent the character space by —.

The eavesdropper Eve knows that Alice and Bob use a Caesar Cipher in their secure communication. Eve
intercepts the following message sent from Alice to Bob:

tjpvywivhjq—vdivodh—

Eve counts the frequency of the characters and concludes that the character space is encrypted as the char-
acter __.
With this information Eve decrypts the message and obtains:

Problem 8.5 (8) (1 point)

Find the quotients and remainders:

84411 div 2821 = and
84411 mod 2821 =__
-55426 div 2371 = and
-55426 mod 2371 =____
-91199 div 213 = and
91199 mod 213 =____
-28711 div 2717 = and

-28711 mod 2717 =
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Solutions

Problem 8.5 (1) Correct Answers:

(- ¢

Problem 8.5 (2) Correct Answers:

*y

Problem 8.5 (3) Correct Answers:

.
N< X ¢ < & &« = ,0,0

.
’UODB’_‘W‘—"’UODE’_‘W“""“U‘O‘Q - 0o o o0 o W
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* you-will-soon-admit-as-much-as-i-need-from-you

Problem 8.5 (4) Correct Answers:

N < X g g

.
"’».O"CSODE’_‘W“—“"":Y‘OQ -0 o 60 o e
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.
N'~<><2<E"'VJ"’»-O’UODE’_‘W‘—“""'J‘UQH?@Q-<C”V}

L]
o

*b
e c
* are-you-sure-we-can-move-in-time-and-space

Problem 8.5 (5) Correct Answers:

L]
B g =~ ™50 o oo X
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L]
N< ¥ g <a ~» =0T 0o

°a
*b
* but-how-about-up-and-down

Problem 8.5 (6) Correct Answers:

*q
* any-real-body-must-have-extension-in-four-directions

Problem 8.5 (7) Correct Answers:

o v
* you-can-move-in-time

Problem 8.5 (8) Correct Answers:

* 29

* 2602
e —24
* 1478
e —429
* 178
e —11
* 1176
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Chapter 9

Cardinality

1. [Definition of Cardinality|
2. [nfinite Sets]

3. |Cardinality of Cartesian Products|

4. [Number of Subsets
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9.1 Definition of Cardinality

Problem 9.1 (1) (1 point)
Complete the following:
Let A and B be nonempty sets.

We say that A and B have the same __(4)__if there exists __(8) _ function f: A — B.

(A): [select: | cardinality | depth | height | volume | width ]

(B): [select: | agood | an injective | an invertible | a nice | an onto ]

We say that the _(€)__ of A is n if there is _(2)__ function from A to __(E) _

(C): [select: | cardinality | depth | height | volume | width ]

(D): [select: | agood | aninjective | an invertible | a nice | an onto ]

(E): [select: | the set of natural numbers | the set of integers | {0,1,2,...n—1} | {0,1,2,....,n} |
[} | {=n—nt1,-n+2,.1} ]

If such a function exists we call A finite. If A is finite we denote the _ of A by #A.

[select: | cardinality | depth | height | volume | width ]

Problem 9.1 (2) (1 point)
Let f:Z3 — Z3, f(x) = (2+x) mod 3.

Evaluate f at all elements of the domain:
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The function f is invertible. Find the image of the inverse f~! of f at all elements of its domain.

Problem 9.1 (3) (1 point)
Let D be a set. Assume there is an invertible function
h:D— Z5

Then the cardinality of Dis __.

Problem 9.1 (4) (1 point)

Let X be a set. Assume there is an invertible function
g:X—{0,1,2,...,7}.

Then the number of elements in X is .

Problem 9.1 (5) (1 point)
LetX ={-8,-7,—6,...,11}.

Because there is an invertible function

h: {0,1,2,..., }—>X

the number of elements in X is ___.

Problem 9.1 (6) (1 point)
Determine whether the two sets A and B have the same cardinality.

. _A={x|xeNandxmod2=0}and B=N
2. __A=1{1,2,3,...25)} and B = Z»s
3. A={1,2,3,...14}and B=2Z,

4. __A={..,-3,-2,—1}and B=N

Problem 9.1 (7) (1 point)
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#Z3y =

Problem 9.1 (8) (1 point)

#7109 =

Problem 9.1 (9) (1 point)

The cardinality of the set
{x | xis an integer and x > 10 and x < 23}

18

Problem 9.1 (10) (1 point)

=

Problem 9.1 (11) (1 point)
#H=__
#{0}=__

#{—30,-29, 28} = __

Problem 9.1 (12) (1 point)

The cardinality of the set {43,44,45,...,127} is:
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Solutions

Problem 9.1 (1) Correct Answers:

* cardinality

¢ an invertible

¢ cardinality

¢ an invertible

e {0,1,2,...,n-1}
e cardinality

Problem 9.1 (2) Correct Answers:

.
N = = O N

0

Problem 9.1 (3) Correct Answers:
*5

Problem 9.1 (4) Correct Answers:
e 8

Problem 9.1 (5) Correct Answers:

* 19
* 20

Problem 9.1 (6) Correct Answers:

L |
o 1
L |
e

Problem 9.1 (7) Correct Answers:
e 47

Problem 9.1 (8) Correct Answers:
e 109

Problem 9.1 (9) Correct Answers:
e 12

Problem 9.1 (10) Correct Answers:

* 0

Problem 9.1 (11) Correct Answers:

«0
.1
.3

Problem 9.1 (12) Correct Answers:

* 85
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9.2 Infinite Sets

Problem 9.2 (1) (1 point)
Complete the following:
Let A and B be nonempty sets.

We say that A and B have the same __(4)__ if there exists __&)__ function f : A — B.

(A): [select: | cardinality | depth | height | volume | width ]

(B): [select: | agood | an injective | an invertible | a nice | an onto ]

We say that A is __(©)__if for some n € N there is _(?)__ function from A to __(E) _

(C): [select: | finite | infinite | good | bad | nice | boring ]

(D): [select: | agood | aninjective | an invertible | a nice | an onto ]

(E): [select: | the set of natural numbers | the set of integers | {0,1,2,...,n—1} ]

If no such function exists we call A

[select: | finite | infinite | good | bad | nice | boring ]

Problem 9.2 (2) (1 point)
Special Sets

Match the two representation of sets. Enter the letters next to the numbers.

1. 7y A.{0,1,2,3,...,20}
2. 7§, B.{1,2,3,...,20}
3. T C.{0,1,2,3,...,15}
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Problem 9.2 (3) (1 point)
Determine whether the two sets have the same cardinality.

1. _ {1,2,3,...,2324} and N

2. __ The set of even natural numbers and N
3. ___ The set of odd natural numbers and N
4. _ Zand N

Problem 9.2 (4) (1 point)
Complete the following:
Let A and B be nonempty sets.

We say that A and B have the same __(4)__if there exists __(8) _ function f: A — B.

(A): [select: | cardinality | depth | height | volume | width ]

(B): [select: | agood | an injective | an invertible | a nice | an onto ]

We say that A is _(©) _if there is _(?)__ function from A to the set of natural numbers.

(C): [select: | accountable | countable | innocent | numbered | unaccountable | uncountable ]

(D): [select: | agood | aninjective | an invertible | a nice | an onto ]

Problem 9.2 (5) (1 point)
For each of these sets decide whether it is finite, infinite and countable or infinite and not countable.

Select the correct statement:

I {-7,-6,-5,..,1}
2. _ {x|xeNandx<16andxmod2=0}
3. __ {x|xeNandxmod2=0}

4. ___ the set of negative integers
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Problem 9.2 (6) (1 point)
For each of these sets decide whether it is finite, infinite and countable or infinite and not countable.

Select the correct statement:
1. {7}
2. 72?6
3. _ {-15,—-14,-13,...,7}

4. _ {x|xeNandx<8andxmod2=0}
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Solutions

Problem 9.2 (1) Correct Answers:

e cardinality

¢ an invertible

e finite

¢ an invertible

e {0,1,2,...,n-1}
¢ infinite

Problem 9.2 (2) Correct Answers:

c A

B
e

Problem 9.2 (3) Correct Answers:

* Not

e Same
e Same
e Same

Problem 9.2 (4) Correct Answers:

e cardinality
¢ an invertible
e countable
e an invertible

Problem 9.2 (5) Correct Answers:

oNe R Res

Problem 9.2 (6) Correct Answers:

L]
T ™ T
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9.3 Cardinality of Cartesian Products

Problem 9.3 (1) (1 point)
Let A={3,4,5} and let B={—2,—1}. Give the set in roster form.

AxB={ }

Problem 9.3 (2) (1 point)
Complete the following:
Let A and B be sets.

The (4 of the sets A and B, denoted by A X B, is the set of all (8) (a,b) where a is (©) _ the set A
(D) pis_E)  the set B.

(A): [select: | intersection | union | difference | sum | Cartesian product | complement ]

(B): [select: | unordered pairs | ordered pairs | sets | numbers ]

(O): [select: | related to | an element of | a subsets of | not related to | not an element of | a
proper subset of | equal to | not equal to ]

(D): [select: | and | or]

(E): [select: | related to | an element of | a subsets of | not related to | not an element of | a
proper subset of | equal to | not equal to ]

The _F) _ofthe _(©) _of A and B is #A - #B.

(F): [select: | weight | volume | size | length | area | cardinality ]

(G): [select: | intersection | union | difference | sum | Cartesian product | complement ]

Problem 9.3 (3) (1 point)
LetA={1,2,3,...,6} and B={1,2,3,...,10}.
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The number of elements in A is ___.

The number of elements in Bis ___.

The number of elements in A X Bis .

Problem 9.3 (4) (1 point)

What is the number of elements in Zs X Zg 7 __

Problem 9.3 (5) (1 point)
LetA ={4,5,6,...,.15} and B= {4,5,6,...,18}.

‘What is the number of elementsin A x B ? ___

Problem 9.3 (6) (1 point)
LetA ={a,b,c},B=1{1,2,3}
How many elements are in A X B? ___

Give A X B in roster form.

AxB={___}

[Note: Enter your answer as a comma-separated list. Pairs should be denoted with parentheses.]

Problem 9.3 (7) (1 point)
Alice and Bob are playing a game of Go on a 11 x 11 board. Alice is the first to set a stone on the empty

board. The rules of Go allow her to place the stone on any of the fields of the board. How many different
choices does she have for her first move ? ___
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Solutions
Problem 9.3 (1) Correct Answers:

* (3,-2),(3,-1),(4,-2),(4,—-1),(5,-2),(5,-1)

Problem 9.3 (2) Correct Answers:

* Cartesian product
* ordered pairs

* an element of

e and

* an element of

e cardinality

* Cartesian product

Problem 9.3 (3) Correct Answers:

* 6
* 10
* 60

Problem 9.3 (4) Correct Answers:

. 40

Problem 9.3 (5) Correct Answers:

e 180

Problem 9.3 (6) Correct Answers:
Solution:

A={a,b,c}

B=1{1,2,3}

The number of elements in a Cartesian product is simply N(A) - N(B) for any sets A, B.
Thus, the number of elements in A X B is
N(A)-N(B)=3-3=9

The Cartesian product A x B is defined as the set of all ordered pairs whose first component is a member of
A and whose second component is a member of B.
More formally, A x B = {(a,b)|a € A and b € B}

Thus, A X B is
{(a,1),(a,2),(a,3),(b,1),(b,2),(b,3),(c,1),(c,2),(c,3)}

e 9
. (a,1),(a,2),(a,3),(b,1),(b,2),(b,3),(c,1),(c,2),(c,3)

Problem 9.3 (7) Correct Answers:

e 121
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9.4 Number of Subsets

Problem 9.4 (1) (1 point)

Let E ={a,b,c, f,g}.

For each statement indicate whether it is true or false.
1. __{d}CE
2. _{a,bd} CE

3. _{fg}ZE
4. _ {c}CE

Problem 9.4 (2) (1 point)

Let A = {ay,a2,as,...,a,}.

Let N be the number of distinct subsets of A.

Let b be an element not contained in A.

Let B ={aj,a;,as,...,a,,b}, that is, B contains all elements of A and the additional element b.

What is the number of distinct subsets of B ?

A.2-N
B.N+1
C.N?
«D.N
E.N+2
EN—1
G.N-2
H.N/2

L]

Problem 9.4 (3) (1 point)
Let A be a set and let n be the cardinality of A.

What is the number of distinct subsets of A ?

]
© >
[\®]
S
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C.n+2
D.n—1
E.n+1
* Fn
G.n—2
H. n?
Ln/2

L]

Problem 9.4 (4) (1 point)
Let S ={6,7,8,...,15}.
The cardinality of Sis: ___

Thus the number of distinct subsets of {6,7,8,...,15} is: ___

Problem 9.4 (5) (1 point)

The number of distinct subsets of 6,7,8,...,25 is:

Problem 9.4 (6) (1 point)

The number of distinct subsets of Zg is:

Problem 9.4 (7) (1 point)

The number of distinct subsets of Z5 is:

Problem 9.4 (8) (1 point)

The Friendly Bike Store offers the options kickstand, umbrella holder for handle bar, hub dynamo, hydraulic
breaks, rack (front), rack (back), and bell on its bikes.

Customers can choose between __ different combinations of options.

Problem 9.4 (9) (1 point)

At Sandwich Shack you can order sandwiches with lettuce, peppers, spinach, feta, salami, and pickles. How
many different combinations of sandwiches can a customer choose ?
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Solutions

Problem 9.4 (1) Correct Answers:

Solution:
E = {aab7caf7g}

Subsets of E include:

{a,f, g}
{a7b7c7fvg}

Remember that a set is always a subset of itself. By definition, for sets A and B, A = B if and only if
A C Band B C A. From this definition, it is clear that since A = A for any set A, A C A must also be true.

Correct Answers:
e F
e F
e F
T

Problem 9.4 (2) Correct Answers:

A

Problem 9.4 (3) Correct Answers:

*B

Problem 9.4 (4) Correct Answers:

* 10
* 1024

Problem 9.4 (5) Correct Answers:

* 1048576

Problem 9.4 (6) Correct Answers:

. 64

Problem 9.4 (7) Correct Answers:

. 64

Problem 9.4 (8) Correct Answers:

* 128

Problem 9.4 (9) Correct Answers:

. 64
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Chapter 10

Primes

1. [Definition of a Primel
2. Sieve of Eratosthenes|
3. [Prime Factorization|
4. [[nfinitude of Primes|

5. [Twin Prime Conjecture]
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10.1 Definition of a Prime

Problem 10.1 (1) (1 point)

Let n be a natural number greater than 1. If n and 1 are the only positive factors of n, then (select all state-
ments that are true):

* A.nis prime.

* B. nis not composite

* C. nis composite.

e D. nis not prime.

* E. n has a positive factor a witha # 1 and a # n

Problem 10.1 (2) (1 point)

Let n be a natural number. If there are natural numbers a and b with a#1 and b#1 such that n=a-b, then
(select all statements that are true):

* A.nis prime.

* B. nis composite.

* C. The positive factors of n include 1, a, b and n.
* D. nis not composite

* E. nis not prime.

F. The only positive factors of n are 1 and n.

Problem 10.1 (3) (1 point)

A number with exactly two distinct divisors (namely 1 and itself) is called prime.
A number with more than two (distinct) positive divisors is called composite.
The smallest number that is a prime is ___.

The smallest number that is composite is ___.

There are ___ primes that are less than 10.

There are ___ composites that are less than 10.

The smallest prime greater than 50 is

Problem 10.1 (4) (1 point)

Compute the remainder and complete the statement about divisibility
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Because 52 mod 13=__,
we have that 13 ___52. [select: | divides | does not divide ]

Because 42 mod 18= ,
we have that 18 ___42. [select: | divides | does not divide ]

Because 8 mod 18= ,
we have that 18 ___ 8. [select: | divides | does not divide ]

Because 6 mod 20=___,
we have that 20 ___ 6. [select: | divides | does not divide ]

Because 6 mod 3=___,
we have that 3 ___ 6. [select: | divides | does not divide ]

Because 25 mod 20= ,
we have that 20 ___25. [select: | divides | does not divide ]
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Solutions

Problem 10.1 (1) Correct Answers:

* AB

Problem 10.1 (2) Correct Answers:

* BCE

Problem 10.1 (3) Correct Answers:
Solution:

1 is not a prime, nor is it composite, it is called a unit. 2 is a prime so it is
the smallest prime. 3 is a prime. 4 is a composite so it is the smallest composite.

The primes less than 10 are 2,3,5,7, so there are 4 of them. The composites less than 10 are
4,6,8,9 so there are 4 of them

Since 51 = 17 x 3, 52 = 2% x 13, and 53 is prime so it is the smallest prime greater than 50.
Correct Answers:

L]
L]

L

53

Problem 10.1 (4) Correct Answers:

* 0

e divides

* 6

does not divide
e 8

¢ does not divide
e 6

¢ does not divide
e 0

e divides

e 5

¢ does not divide
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10.2 Sieve of Eratosthenes

Problem 10.2 (1) (1 point)

In this problem you are asked to go through the first steps of the Sieve of Eratosthenes for the integers from
2220 to 2244.

Hint: 2220 is divisible by 2,3, and 5.
Check all numbers that are multiples of 2, 3, or 5.

* A.2220
B. 2221
C. 2222
D. 2223
E. 2224
F. 2225
G. 2226
H. 2227
I. 2228
J. 2229
K. 2230
L. 2231
M. 2232
N. 2233
0. 2234
P. 2235
Q. 2236
R. 2237
S. 2238
T. 2239
U. 2240
V. 2241
W. 2242
X. 2243
Y. 2244

L]

L]

L]

L]

L]

Problem 10.2 (2) (1 point)
Use the Sieve of Eratosthenes to check all composite numbers up to 31.

* A2
* B.3
« C. 4
* D.5
* E.6
* F7
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* G.8

* H9

I. 10
J.11
K. 12
L.13
M. 14
* N. 15
* 0.16
* P. 17

* Q.18
* R. 19
* S.20
« T.21
« U.22
e V.23
* W.24
* X.25
* Y. .26
e 7.27
* AA. 28
* AB.29
* AC. 30
* AD. 31

L]

Now the unchecked numbers are the prime numbers.

Thus the prime numbers up to 31 are: [give a comma separated list of numbers, e.g: 2,3,5]

Problem 10.2 (3) (1 point)

The number of primes from 0 to 30 is ___
The number of primes from 30 to 60 is
The number of primes from 60 to 90 is __
The number of primes from 90 to 120 is __
The number of primes from 120 to 150 is ___
The number of primes from 150 to 180 is ___

The number of primes from 180 to 210is ___

242



Problem 10.2 (4) (1 point)

For each of the following numbers write down the list of prime numbers less or equal to the given number
in increasing order separated by commas.

For example, the prime numbers less than or equal to 7 in increasing order are 2, 3, 5, 7.

The prime numbers less than or equal to 20 in increasing order are

The prime numbers less than or equal to 38 in increasing order are

The prime numbers less than or equal to 67 in increasing order are

The prime numbers less than or equal to 80 in increasing order are

Problem 10.2 (5) (1 point)

Let a be an integer.

Suppose that the remainder when a is divided by 3 is 2 and the remainder when b is divided by 3 is 0.
That is, a mod 3 =2 and b mod 3 = 0.

Find:

(a+a)mod3=__

(a+b)mod3=__

(a-b)mod3=__

(a+2)mod3=__

(2-b)mod3=__
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Solutions

Problem 10.2 (1) Correct Answers:

* ACDEFGIJKMOPQSUVWY

Problem 10.2 (2) Correct Answers:

+ CEGHIKMNOQSTUWXYZAAAC
. 2,3,5,7,11,13,17,19,23,29,31

Problem 10.2 (3) Correct Answers:

* 10

.
|9, B NNV, Be JEN N |

Problem 10.2 (4) Correct Answers:

2,3,5,7,11,13,17,19
. 2,3,5,7,11,13,17,19,23,29,31,37
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67,71,73,79

Problem 10.2 (5) Correct Answers:

.
[ = S
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10.3 Prime Factorization

Problem 10.3 (1) (1 point)
We call all primes numbers that divide a number, the prime divisors of the number.

For each of the following numbers write down the number’s prime divisors as a comma-separated list (so,
”5” or 72,3” for 25 and 12 respectively, but without the quotes).

The prime divisors of 86 are
The prime divisors of 39 are

The prime divisors of 21 are

The prime divisors of 132 are

Problem 10.3 (2) (1 point)

For n = 30, find the prime factorization.
[Note: Enter your answer as a comma-separated list. If the factorization is 2% - 32, enter your answer as
2,2,3,3]

Problem 10.3 (3) (1 point)
We have 1400=2-2-2-5-5-7.

Which expression is equal to 1400

¢ A.23.52.7°
B.23.52.7!
C.22.51.71
D.22.51.70

L]

Problem 10.3 (4) (1 point)
What are the greatest common divisors of the following pairs of integers ?

Ifa=2%-3-53and b =23-3%-5° then
ged(a,b) =

Ifa=22-3.-5-7-11-13and b =2%2-3°-73 .17 then
ged(a,b) =
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Ifa=23-7and b=5-13 then
ged(a,b) =

Problem 10.3 (5) (1 point)
Compute the remainder and complete the statement about divisibility

Because 69 mod 16= ,
we have that 16 __ 69. [select: | divides | does not divide ]

Because 44 mod 11=__,
we have that 11 ___44. [select: | divides | does not divide ]

Because 5 mod 20= ,
we have that 20 __ 5. [select: | divides | does not divide ]

Because 102 mod 17= R
we have that 17 ___ 102. [select: | divides | does not divide ]

Because 75 mod 6=__,
we have that 6 ___75. [select: | divides | does not divide ]

Because 2 mod 7= _,
we have that 7 2. [select: | divides | does not divide ]

Problem 10.3 (6) (1 point)

We want to determine whether the integer 527 is prime or composite.

Let w be an approximation to the square root of 527 (to a precision of at least one digit after the decimal
point).

We use w=___ (give at least one digit after the decimal point).

In the following select ‘we do not need to check divisibility’, if the selection for a previous line already
allows you to make a conclusion about the primality of 527.

2is_A)  and B

(A): [select: | less than w | greater than w ]
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(B): [select: | divides 527 | does not divide 527 | we do not need to check divisibility ]

3is_(A)  and _(B)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 527 | does not divide 527 | we do not need to check divisibility ]

5is A4 and B8

(A): [select: | less than w | greater than w ]

(B): [select: | divides 527 | does not divide 527 | we do not need to check divisibility ]

7is _A4)  and _(8)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 527 | does not divide 527 | we do not need to check divisibility ]

11is_ @ _and _®B)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 527 | does not divide 527 | we do not need to check divisibility ]
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131is ()

and __(B)

(A): [select:

(B): [select:

17is (A

| less than w | greater than w ]

| divides 527 | does not divide 527

and __(B)

(A): [select:

(B): [select:

19is __(4)

| less than w | greater than w ]

| divides 527 | does not divide 527

and __(B)

(A): [select:

(B): [select:

23is __(A)

| less than w | greater than w ]

| divides 527 | does not divide 527

and __(B)

(A): [select:

(B): [select:

29is __(A)

| less than w | greater than w ]

| divides 527 | does not divide 527

and __(B)

(A): [select:

(B): [select:

31is _A)

| less than w | greater than w ]

| divides 527 | does not divide 527

and __(B)

(A): [select

(B): [select

: | less than w | greater than w ]

: | divides 527 | does not divide 527

we do not need to check divisibility ]

we do not need to check divisibility ]

we do not need to check divisibility |

we do not need to check divisibility |

we do not need to check divisibility |

we do not need to check divisibility |
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Now conclude whether 527 is prime or composite. The integer 527 is [select: | prime | composite ]

Problem 10.3 (7) (1 point)

We want to determine whether the integer 299 is prime or composite.

Let w be an approximation to the square root of 299 (to a precision of at least one digit after the decimal
point).

We use w=___ (give at least one digit after the decimal point).

In the following select ‘we do not need to check divisibility’, if the selection for a previous line already
allows you to make a conclusion about the primality of 299.

2is_(A) and _(B)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 299 | does not divide 299 | we do not need to check divisibility ]

3is A and B

(A): [select: | less than w | greater than w ]

(B): [select: | divides 299 | does not divide 299 | we do not need to check divisibility ]

5is_(A4)  and _(B)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 299 | does not divide 299 | we do not need to check divisibility ]

7is A and _(B)

(A): [select: | less than w | greater than w ]

(B): [select: | divides 299 | does not divide 299 | we do not need to check divisibility ]

11is_ @ _and _B)
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(A): [select: | less than w | greater than w ]

(B): [select: | divides 299 | does not divide 299 | we do not need to check divisibility ]
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131is ()

and __(B)

(A): [select:

(B): [select:

17is (A

| less than w | greater than w ]

| divides 299 | does not divide 299 | we do not need to check divisibility ]

and __(B)

(A): [select:

(B): [select:

19is __(4)

| less than w | greater than w ]

| divides 299 | does not divide 299 | we do not need to check divisibility ]

and __(B)

(A): [select:

(B): [select:

23is __(A)

| less than w | greater than w ]

| divides 299 | does not divide 299 | we do not need to check divisibility ]

and __(B)

(A): [select:

(B): [select:

29is __(A)

| less than w | greater than w ]

| divides 299 | does not divide 299 | we do not need to check divisibility ]

and __(B)

(A): [select:

(B): [select:

31is _A)

| less than w | greater than w ]

| divides 299 | does not divide 299 | we do not need to check divisibility ]

and __(B)

(A): [select

(B): [select

: | less than w | greater than w ]

. | divides 299 | does not divide 299 | we do not need to check divisibility ]
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Now conclude whether 299 is prime or composite.

The integer 299 is [select: | prime | composite ]

Solutions

Problem 10.3 (1) Correct Answers:

. 2,43
.« 3,13
. 3,7

¢ 23,11

Problem 10.3 (2) Correct Answers:
Solution:
n=30

30 has the prime factorization
2-3-5

Correct Answers:

© 23,5

Problem 10.3 (3) Correct Answers:
Solution:

Since 2 occurs as a factor in 1400 three times, the expression begins 2.

Since 5 occurs as a factor in 1400 twice, the expression continues 52.

Since 7 occurs as a factor in 1400 once, the expression begins 7'.

Since p® (which is 1) means that prime p is not a factor of the number, it would make no

sense to put p” into such an expression because there are infinitely many primes that do not occur
in the factorization of any particular number.

Correct Answers:

- B

Problem 10.3 (4) Correct Answers:

* 3000
. 84
.1

Problem 10.3 (5) Correct Answers:

e 5

does not divide
e 0

e divides
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5

¢ does not divide
e 0

e divides

e 3

¢ does not divide
e 2

¢ does not divide

Problem 10.3 (6) Correct Answers:

* 22.956480566498

e less than w

* does not divide 527

* less than w

* does not divide 527

* less than w

* does not divide 527

* less than w

¢ does not divide 527

* less than w

e does not divide 527

* less than w

e does not divide 527

* less than w

e divides 527

* less than w

* we do not need to check divisibility
* greater than w

* we do not need to check divisibility
 greater than w

* we do not need to check divisibility
 greater than w

* we do not need to check divisibility
* composite

Problem 10.3 (7) Correct Answers:

e 17.2916164657906
e less than w
¢ does not divide 299
e less than w
¢ does not divide 299
¢ less than w
¢ does not divide 299
¢ less than w
e does not divide 299
¢ less than w
¢ does not divide 299
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less than w

divides 299

less than w

we do not need to check divisibility
greater than w

we do not need to check divisibility
greater than w

we do not need to check divisibility
greater than w

we do not need to check divisibility
greater than w

we do not need to check divisibility
composite
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10.4 Infinitude of Primes

Problem 10.4 (1) (1 point)

The number of primes from 0 to 40 is ___
The number of primes from 40 to 80 is ___
The number of primes from 80 to 120 is ___
The number of primes from 120 to 160 is ___

The number of primes from 160 to 200 is

Problem 10.4 (2) (1 point)

Theorem 1. Let b be a natural number. Then ged(b,b+ 1) = 1, that means, b and b+ 1 are coprime.

Theorem 2. Let B be a set. If for each finite subset S of B there is an element x € B with x ¢ S, then B is
infinite.

We apply the two theorems above in the proof of the next theorem. Fill in the blanks.

Theorem 3. There are infinitely many prime numbers.

Proof. Let P be the set of
integers |

. [select: | integers | natural numbers | prime numbers | negative

LetQbea of the set P. Denote the elements of Q by p,p2,....,ppandletg=p;-pr----- DPn-
[select: | finite subset | element | infinite subset ]

By Theorem 1, g and g+ 1 are . [select: | coprime | odd | even | both prime ]

So there is at least one prime number that _4) g+ 1 but _(8)__ 4. Let’s call this prime number 7.

(A): | isequal to | divides | does not divide | is less than ]
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(B): | isequal to | does divide | does not divide | is greater than ]

Because ¢ does not divide ¢ we have that ¢ is of 0.
[select: | anelement | a finite subset | not an element | a infinite subset ]

So we have shown that for any finite set of prime numbers Q, we can find another prime number that is not
in the set Q. Thus, by Theorem 2, we have that P is . [select: | finite | empty | notaset | infinite ]
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Solutions

Problem 10.4 (1) Correct Answers:

L]

12
10
8
7
9

Problem 10.4 (2) Correct Answers:

prime numbers
finite subset
coprime
divides

does not divide
not an element
infinite
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10.5 Twin Prime Conjecture

Problem 10.5 (1) (1 point)

Choose the theorem or conjecture that states the following:

Accordingto_ | there are infinitely many primes p such that p 4 2 is also prime.

[select: | The Prime Number Theorem | The Fundamental Theorem of Arithmetic | Fermat’s Last

Theorem | Fermat’s Little Theorem | Bezout’s Identity | The Twin Prime Conjecture | Goldbach’s
Conjecture |

Problem 10.5 (2) (1 point)

The number of primes up to 20is

The number of twin prime pairs up to 20 is

The number of primes up to 40is ___

The number of twin prime pairs up to 40 is ___

The number of primes up to 60 is __

The number of twin prime pairs up to 60 is ___

The number of primes up to 80 is ___

The number of twin prime pairs up to 80 is ___

Problem 10.5 (3) (1 point)

Decide if each of the following statements is a definition, a theorem or a conjecture.
1. __Letn e Nthenged(n,n+1)=1.
2. _ _ForneNwesetZy :={1,2,3,...,n—1}.
3. ___ There are infinitely many prime numbers.

4. ___ There are infinitely primes p such that p 4 2 is also a prime number.

Problem 10.5 (4) (1 point)

7is A _ andis__B)
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(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

21is _“ andis (B
(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

39is_ () andis__B)

(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

47is A4  andis (B
(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

63is (4 andis__(B)

(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

77is A andis_(B)
(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

83is_ ) andis_ (B

(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair |

not in a twin prime pair |

not in a twin prime pair ]

not in a twin prime pair |

not in a twin prime pair |

not in a twin prime pair |

not in a twin prime pair |

not in a twin prime pair |
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89is_ (4 andis_(B)

(A): [select: | prime | not prime ]

(B): [select: | in a twin prime pair | not in a twin prime pair ]

Problem 10.5 (5) (1 point)

List the twin primes between 1 and 100 as ordered pairs in ascending order.
The twin primes 3 and 5 as an ordered pair are: (3, 5)

Problem 10.5 (6) (1 point)

Determine whether or not the prime is part of a twin prime pair. Enter ”’1” for a twin prime and ”0” otherwise.

—1. 91
_2.33
—3. 131
_4.173
5. 171

_ 6. 79
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Solutions

Problem 10.5 (1) Correct Answers:

e The Twin Prime Conjecture

Problem 10.5 (2) Correct Answers:

.8
. 4
. 12
.5
. 17
.6
.22
.8

Problem 10.5 (3) Correct Answers:

e Theorem
¢ Definition
¢ Theorem
* Conjecture

Problem 10.5 (4) Correct Answers:

* prime

* in a twin prime pair

* not prime

* not in a twin prime pair
* not prime

* not in a twin prime pair
* prime

* not in a twin prime pair
* not prime

* not in a twin prime pair
* not prime

* not in a twin prime pair
* prime

* not in a twin prime pair
* prime

* not in a twin prime pair

Problem 10.5 (5) Correct Answers:

* (3,5)
* (5,7)
. (11,13)
. (17,19)
. (29,31)
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. (41,43)
* (59,61)
. (71,73)

Problem 10.5 (6) Correct Answers:

.
[eNelBoBoNeNe]
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Chapter 11

Other Bases

1. [Decimal Representation|

2. |Binary Representation|

3. |[From Decimal to Binary|

4. Base b Numbers|
5. [Erom Decimal to Base]
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11.1 Decimal Representation

Problem 11.1 (1) (1 point)
Give the expanded decimal form of 5092944.

1004+ 100+ 10+ 1034+ 1024+ 10+ -1

Problem 11.1 (2) (1 point)
Give the expanded decimal form of 90884.

1004+ 100+ 10+ 1034+ 1024+ 10+ -1

Problem 11.1 (3) (1 point)
What are the place values of a base 10 number with 5 digits?

leftmost digit —+__ < rightmost digit

Problem 11.1 (4) (1 point)

Compute:

20838260094400860294 mod 10=____
20838260094400860294 mod 100 =____
20838260094400860294 mod 1000 =____
20838260094400860294 mod 10000 =____
20838260094400860294 mod 100000 = ____

20838260094400860294 mod 1000000 =
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Solutions

Problem 11.1 (1) Correct Answers:

.
A B O DO O W

Problem 11.1 (2) Correct Answers:

.
A~ 0000 OO OO

Problem 11.1 (3) Correct Answers:

10000
1000
100

* 10

e 1

L]

Problem 11.1 (4) Correct Answers:
Hint: We have

20838260094400860294 mod 10 =4 mod 10
and

20838260094400860294 mod 100 = 94 mod 100

Correct Answers:

. 4
. 04
. 294
. 294
60294
860294

L]
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11.2 Binary Representation

Problem 11.2 (1) (1 point)
Give the expanded base 2 form of 110010,.
20 2 P 22 2+ ]

Give 110010, in decimal representation.

Problem 11.2 (2) (1 point)
What are the place values of a base 2 number with 5 digits?
leftmost digit - < rightmost digit

Convert these base 2 numbers to decimal numbers.

Or=— 1=
10 =—_1lp,=__
100 =—_ 101, = 110, =

1000 =—_ 1001, =— 1010y =—_ 1110, =

Problem 11.2 (3) (1 point)
Give the expanded base 2 form of 101110,.
B e Y = EUNDY /o SO s S S SR |

Give 101110, in decimal representation.

Problem 11.2 (4) (1 point)
Give the expanded base 2 form of 1111015,.
B e Y = EUNDY /o SO s S S SR |

Give 111101, in decimal representation.
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Problem 11.2 (5) (1 point)
Count in base 2

In the first column enter the numbers in base 2. Recall that the characters used to represent base 2 numbers
are 0 and 1.

In the other columns enter the values for the digits of the base 2 expansions. For your convenience the last
number in each row is the corresponding decimal number.

o= A 23y 224 2l 20—
o= b 23y 22y 2y 20—
o= 24 23y 224 2l 202
o= 24 23y 224 2l 203
o= 24 23 02 2y 204
o= 2h 23y 224 2l 20=5
o= 2 23y 22y 2l 20—p
= 2% 3 22 2l 20=7
o= 2% 23y 22y 2lp 20=38
o= b 23y 22y 2l 20—
o= 2 23y 224 2l 200
o= b 23y 224 2l 20—
o= b 23y 224 2l 2012
D A S & S R N R R N K
o= A 23y 224 2l 20— q4
o= b 23y 22y 2l 20=15
=2 3 22 2l 20=16
L= 24 23 22y 2 2017
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y=_ 244 234 224 2lp . 20=18

o= 24 23y 224 2l 20=19

Problem 11.2 (6) (1 point)

Convert these integers from binary to decimal representation:

I, =

10, =

111, =

1110, =

10000, =

100110, =

1010011, =

11010100, =
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Solutions

Problem 11.2 (1) Correct Answers:

.
S — OO = = O

* 50

Problem 11.2 (2) Correct Answers:

.
@OOO‘\UI-BL»JNMOH[\).J;OQ;

.
—
~ O

Problem 11.2 (3) Correct Answers:

.
O === O = O

Problem 11.2 (4) Correct Answers:

.
[ )
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—
S — O

Problem 11.2 (5) Correct Answers:

() —
O OO OO OO OO OO0 000 0 —~000 — —

o (] o (] o L] () L] () L] () o (] o (] (] L] o L] () L] () o (]

)
=)
—_— O O — O O

o (] (] L] () L]

o

o
SO O == = OO — — O
e e e o o o o o o o o
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e 111

OO~ " O — O O O

L]

S
=)
S

L]

* 1001

S — O O —

L]

* 1010

O O OO O o

L]

—
—
=]

L]

* 1100

S — = O O

* 1101

O o O e e O e e

L] o

L]

110

271



e 1111

O = e

L]

* 10000

—_, O O OO — = O OO —

L]

0001

L]

* 10010

—_ o O — O

* 10011

—_— O O o

L] ()

Problem 11.2 (6) Correct Answers:
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11.3 From Decimal to Binary

Problem 11.3 (1) (1 point)

With the conversion algorithm find the base 2 representation of the decimal number 15.

Input: A base 10 numbera:=___

Let g := a.

Letrg:=gqomod2=__.Letg,:=¢qodiv2=___.
Letrj:=gymod2=__.Lletgy:=q;div2=___.
Letr,:=¢gymod2=__.letgz:=¢qpdiv2=___.
Letrs:=gzmod2=__.Letgy:=¢q3div2=___.

Output: The expanded base 2 representation of the decimal number 15 is:

15=r3-23
+ry- 2?2
+rp-2!
+ro-2°

= 23
+_ 22
+_ 2!
+_20

Now give the base 2 representation of 15.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. For example, you should write 101 but not 0101.]

15 =

Problem 11.3 (2) (1 point)

With the conversion algorithm find the base 2 representation of the decimal number 11.
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Input: A base 10 numbera:=___

Let gy :=a.

Letrg:=gomod2=__.Letg:=qodiv2=___.
Letrj:=gimod2=__.Lletgy:=¢q;div2=___.
Letr,:=¢gymod2=__.letgz:=¢qpdiv2=___.
Letrs:=gzsmod2=__.letgy:=q3div2=___.

Output: The expanded base 2 representation of the decimal number 11 is:

11 =ry-23
+ry-2?
+rp-2!
+rg-2°

= .03
+_22
42!
+_.20

Now give the base 2 representation of 11.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. For example, you should write 101 but not 0101.]

11=

Problem 11.3 (3) (1 point)
Convert the following integers from decimal representation to binary (base 2) representation.

[Do not put extra zeros in front of your binary notation or it might confuse WebWorK. So write 101 instead
of 0101 etc.]

31=__ 5
NB=___ 5
168=____ »
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Problem 11.3 (4) (1 point)
Convert the following integers from decimal representation to binary (base 2) representation.

[Do not put extra zeros in front of your binary notation or it might confuse WebWorK. So write 101 instead
of 0101 etc.]

46 = )
2=,
339=_
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Solutions

Problem 11.3 (1) Correct Answers:

15
1
7
1
3
1
e 1
1
0
1
1
1
1
1

111

Problem 11.3 (2) Correct Answers:

—

°
— = O = O == O = N = e

* 1011

Problem 11.3 (3) Correct Answers:

11111
e 1011101
* 10101000

Problem 11.3 (4) Correct Answers:

* 101110
e 1011100
* 101010011
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11.4 Base b Numbers

Problem 11.4 (1) (1 point)
Give the expanded base 6 form of 3442500¢. Enter all digits in decimal form, that is, for A enter 10.
60 6+ 66+ 6P+ 6+ ]

Give 34425006 in decimal representation.

Problem 11.4 (2) (1 point)
Give the expanded base 12 form of BB8848,. Enter all digits in decimal form, that is, for A enter 10.
1204 1254 2% 123 22 124+ ]

Give BB8848; in decimal representation.

Problem 11.4 (3) (1 point)
Give the expanded base 6 form of 105453¢. Enter all digits in decimal form, that is, for A enter 10.
66+ 66+ 62 6+ ]

Give 105453 in decimal representation.

Problem 11.4 (4) (1 point)
Give the expanded base 18 form of AAGAF H73. Enter all digits in decimal form, that is, for A enter 10.
80 A8 18 183 1824 184 -]

Give AAGAF H73 in decimal representation.

Problem 11.4 (5) (1 point)
What are the place values of a base 6 number with 5 digits?

leftmost digit - __ < rightmost digit
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Convert these base 6 numbers to decimal numbers.

Og=__lg=__36=__5¢=__
106 =—_1lg=__506 =426 =___
1006 =—_ 101 =—_ 110 =—_ 5336 =___

10006 =— 10056 = 1030¢ = 53306 =

Problem 11.4 (6) (1 point)
What are the positional values of the digits of a base 16 number with 5 digits?
leftmost digit — < rightmost digit

Convert these base 16 numbers to decimal numbers.

Ois=—lie=——Ti6 = Fig =
10i6=—_1l1=—_DTi¢=—_3T16 =
10016 =—_ 10114 =—_110j6 =—_ 8131 =—_

100016 =— 100F16 =— 107016 = 813016 =—_

Problem 11.4 (7) (1 point)

Give GA3AE62,3 in decimal representation.

Problem 11.4 (8) (1 point)
Count in base 5

The characters used to represent base 5 numbers are (separate the numbers by commas):

In the first column enter the numbers in base 5 starting at 0. In the other columns enter the values for the
digits of the base 5 number in decimal representation.

For your convenience the last number in each row is the corresponding decimal number.
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Solutions

Problem 11.4 (1) Correct Answers:

3
4
4
2
5
0
0
1

76868

Problem 11.4 (2) Correct Answers:

L]

0

11

11

8

8

4

8
2980280

Problem 11.4 (3) Correct Answers:

W Nk~ o - O

9033

Problem 11.4 (4) Correct Answers:

L]

10

10

16

10

15

17

7
360761029

Problem 11.4 (5) Correct Answers:

1296
216
36
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* 201
e 216
e 221
* 234
* 1206

Problem 11.4 (6) Correct Answers:

* 65536
* 4096
* 256
* 16

e 1

* 0
1

e 7

* 15

* 16

* 17

e 215
* 55

* 256
e 257
e 272
* 2067
* 4096
* 4111
* 4208
* 33072

Problem 11.4 (7) Correct Answers:

* 563469158

Problem 11.4 (8) Correct Answers:

©0,1,2,3,4
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11.5 From Decimal to Base b

Problem 11.5 (1) (1 point)

With the conversion algorithm find the base 7 representation of the decimal number 66073.

Input: Base b:=___ and a base 10 numbera := ___
Let g := a.

Letrg:=gqomodb=__.Letg,:=apdivb=____.
Letrj:=gimodb=__.Lletgr:=a;divb=____.
Letry:=¢gymodb=__.Letgz:=aydivb=___.
Letrs:=gsmodb=__.Letgy:=azdivb=____.
Letry:=gsmodb=__.Lletgs:=agsdivb=___.
Letrs:=¢gsmodb=__.Letgs:=asdivb=___.

Output: The expanded base 7 representation of the decimal number 66073 is:
66073 =rs- T +r4- 7 +r3- PP +r2- 1411 T +19-7°

= P+ _ 7+ P+ P 770
Now give the base 7 representation of 66073.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. For example, you would write 101 instead of 0101.]

66073 =5

Problem 11.5 (2) (1 point)

With the conversion algorithm find the base 13 representation of the decimal number 27322.

Input: Base b»:=__ and abase 10 numbera := ___
Let gy :=a.
Letrg:=gomodb=__.Letg:=apdivb=___.
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Letrj:=gimodb=__.Letgy:=a;divb=____
Letry:=¢gymodb=__.Letgz:=aydivb=___.

Letrs:=¢gzsmodb=__.Letgy:=a3divb=____.

Output: The expanded base 13 representation of the decimal number 27322 is:
27322 =r3- 13341 - 13241 - 13V 41 - 13°
= 13413241304 130
Now give the base 13 representation of 27322.
[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. For example, you would write 101 instead of 0101.

Be careful to write A for 10 and B for 11 and C for 12 and so on.]

27322 =

13

Problem 11.5 (3) (1 point)

With the conversion algorithm find the base 17 representation of the decimal number 50391.

Input: Base b:=___ and a base 10 numbera := ___
Let go :=a.

Letrg:=gomodb=__.Letg,:=apdivb=____.
Letrj:=gimodb=__.Lletg:=a;divb=___.
Letr,:=¢gymodb=__.Letg;:=apdivb=____
Letrs:=¢gzsmodb=__.Letgq:=a3divb=___.

Output: The expanded base 17 representation of the decimal number 50391 is:
50391 =r3- 173+ 172+ 11 - 17 +19-17°

= AP+ 174174 _17°
Now give the base 17 representation of 50391.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
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zeros in front of your answer. For example, you would write 101 instead of 0101.
Be careful to write A for 10 and B for 11 and C for 12 and so on.]

50391 =

17

Problem 11.5 (4) (1 point)

Convert these base numbers from decimal to base 6 representation.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. So write 101 instead of 0101 etc.]

1= 6 2= 6

6= 6 6= 6

36=__ 536= 6

Problem 11.5 (5) (1 point)

Convert these base numbers from decimal to base 13 representation.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. So write 101 instead of 0101 etc.]

1= 1310= 13
13 = 13 13= 13
169 = 13 2028 = 13

Problem 11.5 (6) (1 point)

Convert these numbers from base 10 to base 17 representation.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. So write 1017 instead of 01017 etc.]

1= 171= 17
17 = 17 119 = 17
289 = 17 3757 = 17

Problem 11.5 (7) (1 point)
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Convert from decimal to base 5 representation.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. So write 101 instead of 0101 etc.]

1472=____ 5

Problem 11.5 (8) (1 point)

Convert from decimal to base 15 representation.

[Although writing leading zeros is mathematically correct, it will be marked as wrong. Do not put extra
zeros in front of your answer. So write 101 instead of 0101 etc.]

9984788 = 5
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Solutions

Problem 11.5 (1) Correct Answers:

.7
. 66073
.« 0

. 9439
e 3

. 1348
.4

. 192

o o
N W
-

.
S W A LA WO WLWR

* 363430

Problem 11.5 (2) Correct Answers:

* 13

e 27322
*9

* 2101
* 8

* 161
*5
12

e 12
0

e 12
*5

e 8
*9

* (C589
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Problem 11.5 (3) Correct Answers:

. 17
* 50391
.3

. 2964
.6

. 174
.4

. 10

. 10
«0

. 10

. 4

.6

.3

. A463

Problem 11.5 (4) Correct Answers:

e 1
LI

* 10
* 10
100
* 100

L]

Problem 11.5 (5) Correct Answers:

e 1

* A

* 10
* 10
100
» C0O0

Problem 11.5 (6) Correct Answers:

e 1

e 1

* 10
* 70
100
* D00

L]

Problem 11.5 (7) Correct Answers:

* 21342

Problem 11.5 (8) Correct Answers:

* D236C8
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Chapter 12

Applications of other Bases

1. [mages
2. [Colors
3. Mext
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12.1 Images

Problem 12.1 (1) (1 point)
Represent each row of the image by a decimal number.

Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

decimal

Problem 12.1 (2) (1 point)
Represent each row of the image by a decimal number.

Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

25 24 23 22 ol 20 decimal

Problem 12.1 (3) (1 point)
Represent each row of the image by a decimal number.

Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

23 22 bl 90 decimal

I
o

Problem 12.1 (4) (1 point)
Represent each row of the image by a binary and a decimal number.
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Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

24 23 22 2l 20 binary decimal

Problem 12.1 (5) (1 point)
Represent each row of the image by a decimal number.

Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

24 23 22 ol 20 decimal

Problem 12.1 (6) (1 point)
An image showing a letter is encoded into numbers.

In the encoding a 0 corresponds to a white and a 1 to a black pixel. When converting to decimal the most
significant binary digit was on the left.

(O BNV, LN BV, I ]

What is the letter 7 ____

Problem 12.1 (7) (1 point)
An image has been encoded into numbers.

In the encoding O corresponded to white and 1 to black pixels. When converting to decimal the most
significant binary digit was on the left.

24
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Which of these images corresponds to the numbers above ?

e A
| [/
Oomm0
OooCm

* B.
[ | [
EECED
| [ [

* C.
EEERD)
|| ]
EECED

* D.
[ ] ]
| [ ]
[/

* E.
| [ [
EECEN
| (W] ]

* K
L] [ | [
[ | [
| [ [

Problem 12.1 (8) (1 point)
An image has been encoded into numbers.

In the encoding O corresponded to white and 1 to black pixels. When converting to decimal the most
significant binary digit was on the left.
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Which of these images corresponds to the numbers above ?

e Al
OomOm
UmmCm
OoOmm

* B.
]| (]
EEEE[]
EEEEN

* C.
| (W] ]
ENEEN
| [ [

* D.
EOEm
E NN
om0

* E.
[/ ]
HEEEE]
Oomoo

* K
OO0
L] [ | [
OmCm0

Problem 12.1 (9) (1 point)
An image showing a letter is encoded into numbers.

In the encoding a 0 corresponds to a white and a 1 to a black pixel. When converting to decimal the most
significant binary digit was on the left.

WAk A~ bW

What is the letter 7 ___
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Problem 12.1 (10) (1 point)
Represent each row of the image by a binary and a decimal number.

Black is represented by 1. The pixel on the left is represented by the most significant binary digit.

binary decimal
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Solutions

Problem 12.1 (1) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 ol 90

0 0 0 10010, =1-2*4+0-234+0-22+1-2140-29=18
0 0 01011, =0-2*4+1-234+0-22+1-2' +1-2°=11

Correct Answers:

* 0
* 6
11
* 15

Problem 12.1 (2) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 ol 90

0 0 0 10010, =1-2*4+0-224+0-22+1-2140-29=18
0 0 01011, =0-2*4+1-234+0-22+1-2' +1.2°=11

Correct Answers:

e 37
11
* 28

Problem 12.1 (3) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 ol 20

100105 = 1-2*40-234+0-22+1-21 +0-2°=18
01011, =0-2* 412340224+ 12" +1-2°=11

Correct Answers:

.7
.« 0
. 11
. 4

Problem 12.1 (4) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 ol 90

100105 = 1-24 40234022+ 121 +0-2°=18
01011, =024+ 12240224121 +1.20=11
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Correct Answers:

* 1000
e 8
1000
e 8

* 0

* 0

* 10
e 2

Problem 12.1 (5) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 21 20

10010, = 1-24+0-234+0-224+1-21 +0-20= 18
01011, =0-2*4+1-234+0-224+1-2' +1.2°=11

Correct Answers:

e 17
*3
e 17

Problem 12.1 (6) Correct Answers:
Solution:

The image is:

Umd]
|l |
(] ]
] |
[l |

Thus the letter is ‘A’.

Correct Answers:

* A

Problem 12.1 (7) Correct Answers:

A

Problem 12.1 (8) Correct Answers:

* A
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Problem 12.1 (9) Correct Answers:
Solution:

The image is:

| |
[
|
[
|

Thus the letter is ‘C’.

Correct Answers:

e

Problem 12.1 (10) Correct Answers:

Hint: The weights of the columns are the powers of 2. For example

24 23 22 ol 90

100105 = 1-24 402340224+ 121 +0-2°=18
01011, =0-2*4+1-234+0-224+1-2' +1-2°=11

Correct Answers:

101
.5
100
.4
110
.6
1101
. 13
110
.6
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12.2 Colors

Problem 12.2 (1) (1 point)

Select the RGB hex triplets that correspond to the given colors.

1. __ M black
2. yellow
3. _ Mred

4. M green

Problem 12.2 (2) (1 point)
Select the colors that best describe the colors represented by the RGB hex triplets.

1. ___ #FF0000
2. __ #FFFF00
3. ___ #AOAOAO

4. _ #111111

Problem 12.2 (3) (1 point)

In each line determine whether the color on the left is darker than, lighter than, or the same as the color on
the right.

#COCOCO ___ #0C0COC.

[select: | is darker than | is lighter than | is the same as ]

#818181 ___ #3B8BS8B.

[select: | is darker than | is lighter than | is the same as ]

#TETETE ___ #000000.

[select: | is darker than | is lighter than | is the same as ]

#686868 ___ #000000.
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[select: | is darker than | is lighter than | is the same as ]

#3D3D3D ___ #D3D3D3.

[select: | is darker than | is lighter than | is the same as ]

Problem 12.2 (4) (1 point)

In each line determine whether the color on the left is darker than, lighter than, or the same as the color on
the right.

#696969 ___ #6F6F6F.

[select: | is darker than | is lighter than | is the same as ]

#3D3D3D ___ #D3D3D3.

[select: | is darker than | is lighter than | is the same as ]

#T7T7T777 __ #EEEEEE.

[select: | is darker than | is lighter than | is the same as ]

#C2C2C2 ___ #2C2C2C.

[select: | is darker than | is lighter than | is the same as ]

#0AOAOA ___ #DCDCDC.

[select: | is darker than | is lighter than | is the same as ]

Problem 12.2 (5) (1 point)
Select the colors that best describe the colors represented by the RGB hex triplets.

1. __ #FF0000
2. ___#A0AOAO
3. __ #FFOOFF

4. __ #828282
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Problem 12.2 (6) (1 point)

Select the RGB hex triplets that correspond to the given colors.

1. —  white
2. __ M green
3. __ M blue
4. _ Mred

Problem 12.2 (7) (1 point)

Select the RGB hex triplets that correspond to the given colors.

1. __ M blue

2. __ M black

3. __  white

4. ___ M magenta

Problem 12.2 (8) (1 point)
Select the colors that best describe the colors represented by the RGB hex triplets.

1. __ #FFFF00
2. __ #FFFFFF
3. ___#FF0000

4. _ #111111

Problem 12.2 (9) (1 point)

In each line determine whether the color on the left is darker than, lighter than, or the same as the color on
the right.

#DODODO ___ #0DODOD.

[select: | is darker than | is lighter than | is the same as ]

#B1B1B1 ___ #1B1B1B.

302



[select: | is darker than

#282828 ___ #FFFFFF.

[select: | is darker than

#6C6C6C ___ #6B6B6B.

[select: | is darker than

#010101 ___ #FFFFFF.

[select: | is darker than

is lighter than

is lighter than

is lighter than

is lighter than

is the same as |

is the same as |

is the same as |

is the same as |

Problem 12.2 (10) (1 point)

In each line determine whether the color on the left is darker than, lighter than, or the same as the color on

the right.
#FFFFFF ___ #AGAGAS6.

[select: | is darker than

#959595 __ #2A2A2A.

[select: | is darker than

#696969 ___ #4B4B4B.

[select: | is darker than

#AAAAAA _ #3888888.

[select: | is darker than

#868686 ___ #D5D5D5.

[select: | is darker than

is lighter than

is lighter than

is lighter than

is lighter than

is lighter than

is the same as |

is the same as |

is the same as |

is the same as |

is the same as |
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Problem 12.2 (11) (1 point)
Select the colors that best describe the colors represented by the RGB hex triplets.

1. __ #FFFFFF
2. ___ #000OFF
3. __#FFFFO00

4. __ #FFOOFF

Problem 12.2 (12) (1 point)

Select the RGB hex triplets that correspond to the given colors.

1. — yellow
2. __ M magenta
3. __ M black

4. __ Mcyan

304



Solutions

Problem 12.2 (1) Correct Answers:

» 000000
* FFFF00
* FF0000
* 00FF00

Problem 12.2 (2) Correct Answers:

e red

* yellow
* grey

* grey

Problem 12.2 (3) Correct Answers:
Hint: All colors in this problems are shades of grey.

Correct Answers:

* is lighter than
* is darker than
* is lighter than
* is lighter than
* is darker than

Problem 12.2 (4) Correct Answers:
Hint: All colors in this problems are shades of grey.

Correct Answers:

e is darker than
e is darker than
e is darker than
* is lighter than
e is darker than

Problem 12.2 (5) Correct Answers:

e red

° grey
* magenta

¢ grey
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Problem 12.2 (6) Correct Answers:

* FFFFFF
* 00OFFO00
* 0000FF
* FF0000

Problem 12.2 (7) Correct Answers:

0000FF
000000

FFFFFF
FFOOFF

Problem 12.2 (8) Correct Answers:

* yellow
* white
e red

° grey

Problem 12.2 (9) Correct Answers:

Hint: All colors in this problems are shades of grey.

Correct Answers:

* is lighter than
* is lighter than
* is darker than
* is lighter than
* is darker than

Problem 12.2 (10) Correct Answers:

Hint: All colors in this problems are shades of grey.

Correct Answers:

* is lighter than
* is lighter than
* is lighter than
* is lighter than
* is darker than
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Problem 12.2 (11) Correct Answers:

* white

* blue

* yellow
* magenta

Problem 12.2 (12) Correct Answers:

* FFFF00
* FFOOFF
» 000000
* OOFFFF
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12.3 Text

Problem 12.3 (1) (1 point)

A word is encoded in the integer:

4560413

We find the digits of the base 27 representation

4560413 = 274+ 2734 274 274+

Applying the inverse

c':{0,1,2,3,...,26} = {—,a,b,c,...,z} withC"'(0) = —,C'(1) =a,C"!(2) =0, ...,C1(26) =z,

of the encoding function C to these integers we obtain the word:

Problem 12.3 (2) (1 point)

We want to compute a representation of the word

star

by one integer in decimal representation.

First represent the characters in the word by integers using the encoding function
C:{—,ab,...,z} - {0,1,2,3,..26} with C(—) =0, C(a) = 1,...,C(z) = 26.

‘We obtain

Then we compute the representation as one integer:

C(s) 27 +C(t)-27*+C(a) - 27+C(x) =

Problem 12.3 (3) (1 point)
Words can be encoded in the integer by applying the encoding function C:
C:{—,a,b,...,z} —+{0,1,2,3,...26} with C(—) =0, C(a) = 1,...,C(z) = 26.

And then considering the resulting integers as the digits of a base 27 number such that the last letter of the
word corresponds to the unit digit, and then taking the decimal representation.
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Encoding the word hares we obtain

Problem 12.3 (4) (1 point)

A word was encoded as an integer by

(1) applying the encoding function C to the characters,

C:{—,a,b,...,z} —+{0,1,2,3,..26} with C(—) =0, C(a) = 1,...,C(z) = 26.

(2) considering the resulting integers as the digits of a number in base 27 representation such that the last
letter of the word corresponds to the unit digit, and

(3) then taking the decimal representation.

The word encoded in 7219805 is

Problem 12.3 (5) (1 point)
Words can be encoded in the integer by applying the encoding function C:
C:{—,a,b,...,z} -+{0,1,2,3,..26} with C(—) =0, C(a) = 1,...,C(z) = 26.

And then considering the resulting integers as the digits of a base 27 number such that the last letter of the
word corresponds to the unit digit, and then taking the decimal representation.

Encoding the word worms we obtain

Problem 12.3 (6) (1 point)

A word was encoded as an integer by

(1) applying the encoding function C to the characters,

C:{—,a,b,...,z} —+{0,1,2,3,..26} with C(—) =0, C(a) = 1,...,C(z) = 26.

(2) considering the resulting integers as the digits of a number in base 27 representation such that the last
letter of the word corresponds to the unit digit, and

(3) then taking the decimal representation.
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The word encoded in 10256069 is
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Solutions

Problem 12.3 (1) Correct Answers:

e 8

e 15

e 18

* 19
*5

* horse

Problem 12.3 (2) Correct Answers:

* 19
* 20
e 1
* 18
388602

L]

Problem 12.3 (3) Correct Answers:

Hint: We encode hares as

C(h)-27*+C(a) - 27> +C(x) - 27>+ C(e) - 27+ C(s).

Correct Answers:

* 4284487

Problem 12.3 (4) Correct Answers:

* mouse

Problem 12.3 (5) Correct Answers:

Hint: We encode worms as

C(w)-27* +C(0) - 27° +C(r) - 27* +C(m) - 27+ C(s).

Correct Answers:

* 12531880

Problem 12.3 (6) Correct Answers:

¢ shark
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Chapter 13

Binary Operations

1. [Definition of Binary Operation|

2. |Associativity|
3. [[dentity]
4. [verses]

5. [Commutativity|
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13.1 Definition of Binary Operation

Problem 13.1 (1) (1 point)

Let the binary operation « (star) on the set H = { b, ¢, d, e, f, g} be defined by:

* b ¢ d e f g
b b b b b b b
¢c ¢c e b ¢c e b
d d ¢c g e f Db
e e ¢c b e ¢ b
f f e g ¢c d b
g g b g b ghb

We read f x g as f star g.
Find the following.

fxg=__
gxf=__

exd=__
dxe=__

(exd)yxe=__
ex(dxe)=__

Problem 13.1 (2) (1 point)

Fill in the operation table for the binary operation & on the set Z, x Z,={(0,0),(0,1),(1,0),(1,1), } defined
by
(a,b)® (c,d) = ((a+c) mod 2, (b+d) mod 2)).

® (00 o) @109 @b
©00 — (0,1) (1,00 (1,1)

©n — (00 (1,1)
1,0) (1,0) o
Ly 0,1) __

Problem 13.1 (3) (1 point)

Fill in the operation table for the binary operation @ on the set Z4 defined by a ®b = (a+b) mod 4 :
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The left column represents the a values and the top row represents the b values.

e 0 1 2 3
o o _— 2 3
1 1 _— 3 0
2 2 _ 0 1
3 - _ __

Problem 13.1 (4) (1 point)

Let the binary operation « (star) on the set A ={ b, ¢, d, e, f, g, h, 1, j, k} be defined by:

* b ¢ d e f g h i j k
b b c de f g h i j k
c ce g i k b d f h j
d d g j b e h k ¢ f i
e e 1 b f j ¢c g k d h
f f k e j d i ¢ h b g
g g b h c i d j e k f
h h d k g c j f b i e
i i f ¢c k h e b j g d
j jh £ d b k i g e c
k k j i h g f e d c b

We read g % j as g star j.
Find the following.

gxj=__
J*g8=—

exh=__
hxk=__

(exhyxk=__
exthxk)=__

Problem 13.1 (5) (1 point)
Fill in the operation table for the binary operation ® on the set Z3 defined by a®@b = (a-b) mod 3 :
The left column represents the a values and the top row represents the b values.
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Solutions

Problem 13.1 (1) Correct Answers:

.
o oo oue o

Problem 13.1 (2) Correct Answers:

L]

L]
e N N N R e R R

o~ o orr~oo
co—~r—~rorro—oO
S N N N N N N N N

Problem 13.1 (3) Correct Answers:

.
N = O W W =

Problem 13.1 (4) Correct Answers:

L]
- = 0 e xR
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Problem 13.1 (5) Correct Answers:

[ ]
—_ N = O O
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13.2 Associativity

Problem 13.2 (1) (1 point)

Let Sbe asetandlet *: S x S — S be a binary operation on S. We read a * b as "a star b’.
If _4) =(a*b)*c_B) | then the binary operation * is called _(€) _

(A): [select: | ax(bxc) | (axb)xc | (axb)x(axc) | (axb)*c]

(B): [select: | forallainS and some b inS | for someainS,allbinS,and allcinS | forallain§,
allbin S,and allcin S | for a=1 and b=2 and ¢=3 ]

(C): [select: | associative | commutative | distributive | transitive ]

Problem 13.2 (2) (1 point)

Determine which of these operations are associative.
1. __ The operation & : Z4 X Zy4 — Z14 given by a© b = (a—b) mod 14.
2. __ The operation  : Z, x Z5, — Z{, given by axb = (a”) mod 16.

3. ___ The operation subtraction — : Z X Z — 7Z.

Problem 13.2 (3) (1 point)

Let a be an integer.

Suppose that the remainder when a is divided by 5 is 2 and the remainder when b is divided by 5 is 3.
That is, a mod 5 =2 and b mod 5 = 3.

Find:

(a+a)mod5=__

(a+b)mod5=__

(a-b)mod5=__

(a+4)mod5=__

(4-b)mod5=__
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Solutions

Problem 13.2 (1) Correct Answers:

* a* (b * )
e forallain S, allbin S,andallcin S
e associative

Problem 13.2 (2) Correct Answers:

Hint: If the operation is not associative, this can be easily shown by finding a counterexample.
Correct Answers:
* N

* N
* N

Problem 13.2 (3) Correct Answers:

]
N == O
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13.3 Identity

Problem 13.3 (1) (1 point)

Let Sbe asetandlet *: S x S — S be a binary operation on S. We read a * b as "a star b’.

An element e in S is an identity element with respect to * if __(4) _ for __(8)
(A): [select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]
(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allain§,

allbinS,and allcin S | oneain S,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

Problem 13.3 (2) (1 point)

Fill in the operation table for the binary operation @ on the set Z, x Z>={(0,0),(0,1),(1,0),(1,1), } defined
by (a,b) ® (¢,d) = ((a+c) mod 2,(b+d) mod 2) :

® (00 On @ @b

©0 — OO 1,00 —
on on —— G@GH
€09 1o — —
Ly (1L — o

Complete the following:

In Z x Z, with respect to @& ___. [select: | the identity element is (0,0) | the identity element is (1,1) |
the identity element is (1,0) | the identity element is (0,1) | there is no identity element ]

Problem 13.3 (3) (1 point)

Fill in the operation table for the binary operation & on the set Zg defined by a©b = (a—b) mod 5 :

1 2 3 4

S
1
2 . . .
3
4
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Complete the following:

In ZZ with respect to © . [select: | the identity elementis 1 | there is no identity element ]

Problem 13.3 (4) (1 point)

Decide whether the following statements are true or false. If the statement is false give a counterexample,
otherwise leave the field empty.

(1) Let the binary operation © : Z4 X Z4 — 74 be given by a©b = (a — b) mod 4.
[select: | The statement is true. | The statement is false. ]

The identity element with respect to & is 1.
Counterexample: The statement is false, because for b :=___ € Z4 we have 1 ©b # b.

(2) Let the binary operation @ : Zg x Zg — Zg be given by a® b = (a+ b) mod 8.
[select: | The statement is true. | The statement is false. ]

The identity element with respect to & is 6.
Counterexample: The statement is false, because for b :=___ € Zg we have 6 B b £ b.

(3) Let the binary operation ® : Z x Z — Z be given by a®@ b = (a- b).
[select: | The statement is true. | The statement is false. ]

The identity element with respect to ® is —5.
Counterexample: The statement is false, because for b :=____ € Z we have —5® b # b.

Problem 13.3 (5) (1 point)
Let Sbe asetandlet *: S x S — S be a binary operation on S. We read a * b as "a star b’.

An element e in S is an identity element with respect to * if _(4) _ for _(8)

(A): [select: | (a*xb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]

(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allainS,
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allbinS,and allcinS | oneainS,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

Determine for which of these operations there is an identity in the corresponding set.
1. __ The operation & : Z3 X Z3 — Z3 given by a©b = (a — b) mod 3.
2. __ The operation *:Z$ x Z3 — Z5 given by axb = (a”) mod 3.

3. __ The operation @ : Z3 x Z3 — Z3 given by a® b = (a+ b) mod 3.

Problem 13.3 (6) (1 point)

Decide whether the following statements are true or false. If the statement is false give a counterexample,
otherwise leave the field empty.

(1) Let the binary operation ® : Z1; X Zj1 — Z1; be given by a® b = (a-b) mod 11.
[select: | The statement is true. | The statement is false. ]

The identity element with respect to ® is 8.
Counterexample: The statement is false, because for b:=___ € Z;; we have 8 ® b # b.

(2) Let the binary operation © : Z x Z — Z be given by a© b = (a — ).
[select: | The statement is true. | The statement is false. ]

The identity element with respect to & is —1.
Counterexample: The statement is false, because for b:=___ € Z we have —1 6 b # b.

(3) Let the binary operation x : Z X Z — Z be given by axb = (ab )
[select: | The statement is true. | The statement is false. ]

The identity element with respect to * is 5.
Counterexample: The statement is false, because for b :=___ € Z we have 5xb # b.

Problem 13.3 (7) (1 point)
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What is the identity in the following sets with respect to the given operation.
1. ___ 73 with the operation * defined by a*b = (a-b) mod 3
2. __ Ze with the operation * defined by a*b = (a —b) mod 6
3. __ Zg with the operation * defined by a*b = (a+ b) mod 6
4, ___ 7 with the operation * defined by a*b=a-b

5. ___ 7 with subraction
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Solutions

Problem 13.3 (1) Correct Answers:

* a3 *e=agande *a=a
e allain S

Problem 13.3 (2) Correct Answers:

— O O = = O = O
S = O = O O = O
— — —

L]
AN AN AN N N N N N

L]

0,0)
he identity element is (0,0)

L]
=

Problem 13.3 (3) Correct Answers:

[ ]
O~ N WRARODFNDNWRAROD=NDWRDO

* there is no identity element

Problem 13.3 (4)

(1) Hint: An element e € Zy4 is the identity with respectto S ife©b=band b&e = b forall b € Z4.
Correct Answers:
The statement is false.
Any b € Z3 yields a counterexample.
For example, b = 3 is a counterexample, because

leb=163=(1-3)mod4=—2mod4=2+#3=b
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(2) Hint: An element e € Zg is the identity with respectto @ if e@b=>bandb@e =b forall b € Zg.
Correct Answers:
The statement is false.
Any b € Zg yields a counterexample.
For example, b = 2 is a counterexample, because

66b=662=(6+2)mod8=8mod8=0#£2=0»

(3) Hint: An element e € Z is the identity with respectto ® if e®@b =b and b® e =b forall b € Z.
Correct Answers:
The statement is false.
Any b € Z with b # 0 yields a counterexample.
For example, b = 1 is a counterexample, because then

(—5)@b=(-5)®1=(-5)1=-5%1=b

Problem 13.3 (5) Correct Answers:

*a*e=aande *a=a
e allain S

* N

* N

* 0

Problem 13.3 (6)

(1) Hint: An element e € Z; is the identity with respectto ® if e b=b and b®e =b for all b € Zy;.
Correct Answers:
The statement is false.
All b € Z;1 with b # 0 yield a counterexample.
For example b = 3 is a counterexample, because

8Rb=8®3=(8-3)mod 11 =24mod 11 =2#3=»b

(2) Hint: An element e € Z is the identity with respectto © if e©b=band bSe =b forall b € Z.
Correct Answers:
The statement is false.
All b € Z yield a counterexample.
For example b = 3 is a counterexample, because

(—1)eb=(-1)e3=—1-3=—4#2=b

(3) Hint: An element ¢ € Z is the identity with respect to x if exb =b and bxe =b forall b € Z.

Correct Answers:

The statement is false.

All b € Z yield a counterexample.

For example b = 2 is a counterexample, because then

S5kb=5x2=5>=25#2=b
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Problem 13.3 (7) Correct Answers:

Hint: Binary operations based on addition (+) and multiplication (-) ’inherit’ properties form these opera-
tions on the integers. One of the ’inherited’ properties is the identity element.

In the cases were there is no identity element, it only takes a few tries to find a counterexample.

Z—<oz-
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13.4 Inverses

Problem 13.4 (1) (1 point)

Definition

Let Sbeasetandlet *: S x S — S be a binary operation on S. We read a * b as a star b.

Letebe .

[select: | the identity with respect to * in S | some element in S | some odd element in S | some
even element in S | some green element in S ]

An element b in S is an inverse of a in S with respect to * if ___.

[select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]

Problem 13.4 (2) (1 point)

Decide whether the following statements are true or false.

(i) There exists an integer a such that a 42 = 0.

[select: | The statement is true. | The statement is false. ]

If the statement is true, give an integer for which it is true: a =___

(ii) There exists an integer a such thata- (—1) = 1.
[select: | The statement is true. | The statement is false. ]

If the statement is true, give an integer for which it is true: a =___

(iii) There exists an integer a such thata+ 11 = 11.
[select: | The statement is true. | The statement is false. ]

If the statement is true, give an integer for which it is true: a =___

Problem 13.4 (3) (1 point)

Fill in the operation table for the binary operation & on the set
L3 ZZ:{(()?O)? (07 1)7 (17())7 (17 1)7 (270)7 (27 1)7}
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defined by (a,b) ® (¢,d) = ((a+c¢) mod 3,(b+d) mod 2) :

® (©0 O 0o O 20 2D

0 — (1,0 — — (21
0D (01) — (L) (1,0) — (2,0)
@) (1,0) (1,1) (2,0) (21) (0.1)
Ly (1,0) (21) (200 (0,1) (0,0)
@0 (2.0 — (01 (1,0) (1,1)
@1 (2,1) (2,00 (0,1) (0,00 . __

Complete the following:

In Z3 x Z, with respect to @ ___. [select: | the identity element is (0,0) | the identity element is (1,1) |
the identity element is (1,0) | the identity element is (0,1) | there is no identity element ]

Find the inverses of the elements of Z3 x Z, with respect to 6.

The inverse of (0,0) is __.

The inverse of (0,1) is __.

The inverse of (1,0) is .

The inverse of (1,1)is .

The inverse of (2,0) is __.

The inverse of (2,1)is __.

Problem 13.4 (4) (1 point)
Fill in the operation table for the binary operation & on the set
L x ZZ:{(()?O)? (07 1)7 (170)7 (17 1)7}

defined by (a,b) ® (¢,d) = ((a+c¢) mod 2,(b+d) mod 2) :

® (©0n ©on 0,0 O
0,00 (0,0) (0,1)

on (01 (1,0
) (1, —  _ (0,1)
Ly (1,00 (01)




Complete the following:

In Z x Z with respect to @& ___. [select: | the identity element is (0,0) | the identity element is (1,1) |
the identity element is (1,0) | the identity element is (0,1) | there is no identity element ]

Find the inverses of the elements of Z, x Z, with respect to &.

The inverse of (0,0) is .

The inverse of (0,1)is __.

The inverse of (1,0)is __.

The inverse of (1,1)is .

Problem 13.4 (5) (1 point)

Fill in the operation table for the binary operation @ on the set Z3 defined by a ®b = (a+b) mod 3 :

@ 0 1 2
o - _
1 2
2 2 0o

Complete the following:

In Z3 with respect to & __.

[select: | the identity element is 0 | the identity elementis 1 | there is no identity element ]

Find the inverses of the elements of Z3 with respect to @ . If an element does not have an inverse answer
‘none’.

The inverse of O is .

The inverse of 1is .

The inverse of 2is .

Problem 13.4 (6) (1 point)
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For each operation find the identity and decide whether the statement is true or false.

(1) Let the binary operation @ : Zy X Zs — Z4 be given by a® b = (a+ b) mod 4. The identity with respect
toPis .

[select: | The statement is true. | The statement is false. ] The inverse of 0 with respect to @ is 0.

(2) Let the binary operation ® : N x N — N be given by a®b = (a- b). The identity with respectto ® is __.

[select: | The statement is true. | The statement is false. ] The inverse of 1 with respect to ® is 5.

(3) Let the binary operation @ : Zy X Zs — Z4 be given by a® b = (a+ b) mod 4. The identity with respect
toPis ___.

[select: | The statement is true. | The statement is false. ] The inverse of 1 with respect to @ is 0.

Problem 13.4 (7) (1 point)

Fill in the operation table for the binary operation @ on the set Z; defined by a®b = (a+b) mod 7 :

® 0 1 2 3 4 5 6
0o 2 3 4 5
1 2 3 5 6
2 2 -5 _— 0 __—
3 5 6 0 1 2
4 4 5 6 0 1 _ 3
S o — 2 _ 4
6 - 4 __

Complete the following:
In Z7 with respectto & ___.

[select: | the identity element is 0 | the identity element is 1 | there is no identity element ]

Find the inverses of the elements of Z7 with respect to & . If an element does not have an inverse answer
‘none’.
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The inverse of 0is .

The inverse of 1 is .

The inverse of 2is .

The inverse of 3is ___.

The inverse of 4is __.

The inverse of 5is .

The inverse of 6is .
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Solutions

Problem 13.4 (1) Correct Answers:

* the identity with respect to * in S
*a*b=eandb *a=ce

Problem 13.4 (2) Correct Answers:

¢ The statement is true
e -2

¢ The statement is true
e —1

¢ The statement is true
e 0

Problem 13.4 (3) Correct Answers:

L]

N N N N N N N N

—m, oD, O DNO DN = OO

L]
[N N e T e e i e
=

h

o <
—F O~ O, O O O mm O = OO = —O

identity element is (0,0)

(]
AN AN AN N S
— = NN OO
~— — — — — —

Problem 13.4 (4) Correct Answers:

* (
(
(

* (
(
(
(
(

0,0
the identity element is (0,0)
(0,0)
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Problem 13.4 (5) Correct Answers:

°
—_— O = N = O

¢ the identity element is O

« 0

e 2
1

Problem 13.4 (6) Correct Answers:
For (1):
Hint: An element b € Z,4 is the inverse of a € Z4 with respectto @ ifa®b=0and bda = 0.

For (2):
Hint: An element b € N is the inverse of a € N with respect to ® ifa®b=1and b®a = 1.

For (3):
Hint: An element b € Z;4 is the inverse of a € Z4 with respectto @ ifa®b=0and bda = 0.

Correct Answers:

e 0
¢ The statement is true.
e 1
¢ The statement is false.
* 0
¢ The statement is false.

Problem 13.4 (7) Correct Answers:

[ ]
W= NP LW =O=O
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he identity element is O

T AN O N OO ANV SO0V T oA —
e o o o o o o

(] o (] (] L] () L] () L] () ° ()
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13.5 Commutativity

Problem 13.5 (1) (1 point)
Let Sbeasetandlet*: S x S — S be a binary operation on S. We read a * b as "a star b’.

The operation * is commutative if __(4) _ for __(8)

(A): [select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]

(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allainS,
allbinS,and allcinS | oneainS,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

Problem 13.5 (2) (1 point)

Fill in the operation table for the binary operation ® on the set Z4 defined by a®@b = (a-b) mod 4 :

® 0 1 2 3

o _ _ 0 ©0

) O

2 0 — 2

3I o - _
Complete the following:
The operation ® is . [select: | commutative | not commutative ]

Problem 13.5 (3) (1 point)

Determine which of these operations are commutative.
Hint: if you are not sure, try a few examples, to try to find a counterexample

1. __ The operation @ : Z7 X Z7 — Z7 given by a®b = (a+b) mod 7.
2. ___ The operation & : Zj4 X Z14 — Z14 given by a© b = (a—b) mod 14.

3. __ The operation ® : Z$ x Z5 — ZZ givenby a®b = (a-b) mod 5.

Problem 13.5 (4) (1 point)
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Complete the following table to make * into a commutative operation on the set {a,b,c,d}:

* b a d c
b a b | d
a | | ¢ | | _—
d d d a b
c | | a || ¢
Problem 13.5 (5) (1 point)
Let O on the set E = { p, a, g, b, r} be defined by:
OO p aq b r
P P P P P P
a p a q b r
qQ p q r ab
b p b a r ¢
r p r b q a
The operation [J on the set E is __. [select: | commutative | not commutative ]

Problem 13.5 (6) (1 point)

Decide whether the following binary operations are commutative. If the binary operation is not commutative,
give a counterexample, otherwise leave the field empty.

(1) Let the binary operation * : Zs X Zs — Zs be given by axb = (a’) mod 5.

The binary operation x is . [select: | commutative | not commutative ]

Counterexample: The statement is false, because fora =___ € Zs we have ax3 # 3 xa.

(2) Let the binary operation @ : Z;5 X Zj5s — Zs be given by a@® b = (a+b) mod 15.

The binary operation @ is . [select: | commutative | not commutative ]

Counterexample: The statement is false, because fora =___ € Z;s we have a® 5 # 5P a.
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(3) Let the binary operation ® : Z1; X Zj; — Z1; be given by a®b = (a-b) mod 11.

The binary operation ® is __. [select: | commutative | not commutative ]

Counterexample: The statement is false, because fora=___ € Z;; wehave a®3 # 3 ®a.
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Solutions

Problem 13.5 (1) Correct Answers:

*a*b=Db*a
e allainSandallbin S

Problem 13.5 (2) Correct Answers:

.
— D WO WO oo

e commutative

Problem 13.5 (3) Correct Answers:

L]

QZAN

Problem 13.5 (4) Correct Answers:

°
[oxiN oV S o T M o

Problem 13.5 (5) Correct Answers:

e commutative
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Problem 13.5 (6) Correct Answers:
For (1):

Hint: The binary operation % is commutative if axb = b*a for all a € Zs and for all b € Zs.

For (2):
Hint: The binary operation & is commutative if ac®b = b @ a for all a € Z5 and for all b € Z;s.

For (3):
Hint: The binary operation & is commutative if a @ b = b®a for all a € Z1, and for all b € Z;.

Correct Answers:

* not commutative
* a =2 is a counterexample because

ax3=2%x3=2"mod5=8mod5=3
and
3xa=3%x2=2"mod5=9mod5=4

and thus
3=a*x3#3%xa=4

e commutative
* N/A
e commutative
* N/A
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Chapter 14

Groups

1. [Definition of Group|

2. [Examples of Groups|

3. IModular Arithmetic|
4. |Additive Groups|

5. [Multiplicative Groups|
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14.1 Definition of Group

Problem 14.1 (1) (1 point)
Let Sbe asetandlet *: S x S — S be a binary operation on S. We read a * b as "a star b’.

The operation * is associative if __(4) _ for __(8)

(A): [select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=¢e]
(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allainS,

allbinS,and allcinS | oneainS,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

The operation * is commutative if __(4)_ for __(8)

(A): [select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=¢e]

(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allainS,
allbinS,and allcinS | oneainS,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

An element e in S is an identity with respect to * if _(4) _ for __(8)
(A): [select: | (a*xb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]

(B): [select: | allainS | oneainS | allainSandallbinS | oneainSandonebinS | allainS,
allbinS,and allcin S | oneain S,onebin S, and one cin S | the identity e with respect to *in S |
allein S |

If an identity with respect to * exists then it is unique. So we can talk about the identity with respect to *.

An element b in S is an inverse of ain S if __ where e is the identity with respect to *.

[select: | (axb)xc=ax(bxc) | axb=bxa | axe=aandexa=a | axb=eandbxa=e]

Problem 14.1 (2) (1 point)

A set S with a binary operation * on S is a commutative group if ) with respect to * in S and __(8) _
with respect to * in S and __(©)__

(A): [select: | a complement | an element | an identity | aninverse | aset | an operation ]
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(B): [select: | a complement | an element | an identity | aninverse | aset | an operation ]

(C): [select: | associative and commutative | associative and transitive | commutative and symmet-
ric |

Problem 14.1 (3) (1 point)
Let G be a set and x : G x G — G a binary operation.

Match the statements below by entering the letter of the corresponding name of the property on the right.

_ 1. Forallae G,b € G,and c € G we have a* (bxc) = (axb) *c.

_ 2. Let e be the identity with respect to . For all a € G there exists a b € G such that axb = e and
bxa=e.

__ 3. There exists e € G such that for all a € G we have axe = a and exa = e.

__ 4. Forallae Gand b € G we have axb = bxa.

Commutative property of x
Existence of inverses with respect to x

Associative property of

o o % »

Existence of an identity with respect to x
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Solutions

Problem 14.1 (1) Correct Answers:

* (a *b) *c=a* (b *c)
allain S, allbin S,allcin S
a*b=Db*a
allainSand all bin S
*a*e=aande * a
allain S
*a*b=eandb *a=c¢e

L] L] L]

Il
o))

Problem 14.1 (2) Correct Answers:

* an identity
e an inverse
e associative and commutative

Problem 14.1 (3) Correct Answers:

> o wa
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14.2 Examples of Groups

Problem 14.2 (1) (1 point)

Complete the operation table for the binary operation ® on the set Zg defined by a @ b = (a-b) mod 8 :

® 0 1 2 3 4 5 6 7
0 O o - _— 0o _— 0 __
1 O 1 2 . _ __ 6 7
2 0 2 4 6 o __ __ 6
3 0 6 ___ _ 7 2 5
4 4 - _ _ _ _ 4
S 0 5 7 4 1 3
6 O 6 - - _— 6 _ 2
7 0 6 ___ 4 _ 2 __

Complete the following:

(1) In Zg with respectto ® .
[select: | the identity element is 0 | the identity element is 1 | there is no identity element ]

(2) Find the inverses of the elements of Zg with respect to ® . If an element does not have an inverse answer:
none.

The inverse of 0 is .

The inverse of 1is __.

The inverse of 21is __.

The inverse of 31is __.

The inverse of 4 is __.

The inverse of 5is .

The inverse of 6 is ___.

The inverse of 7is .

With respectto ® .
[select: | each element has an inverse | at least one element does not have an inverse | there is no
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identity, so inverses are not defined ]

(3) ® is associative

@ ®is __.
[select: | commutative | not commutative ]

Now decide whether (Zg,®) is a commutative group:

The set Zg with the operation ® is __.
[select: | a commutative group | not a commutative group ]

Problem 14.2 (2) (1 point)

Fill in the operation table for the binary operation © on the set Z? defined by a®b = (a-b) mod 3 :

N =
O = |
— (8]

Complete the following:

(1) in Z with respect to ® .
[select: | the identity elementis 1 | there is no identity element ]

(2) Find the inverses of the elements of Z5 with respect to @ . If an element does not have an inverse answer:
3 p

none.

The inverse of 1is __.

The inverse of 21is __.

With respect to ® .

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined |
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(3) ® is associative.

@) ®is _.
[select: | commutative | not commutative ]

Decide whether (Z5,®) is a commutative group:

The set Z3' with the operation ® is __.
[select: | a commutative group | not a commutative group ]

Problem 14.2 (3) (1 point)

Complete the operation table for the binary operation © on the set Z, defined by a©b = (a—b) mod 2 :

o 0 1
0o 0 __
1 0

Complete the following:

(1) In Z; with respectto & __.
[select: | the identity element is 0 | the identity element is 1 | there is no identity element ]

(2) Find the inverses of the elements of Z, with respect to & . If an element does not have an inverse answer:
none.

The inverse of 0is .
The inverse of 11s __.
With respectto © __.

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined ]
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(3) © is associative.

@ ois .
[select: | commutative | not commutative ]

Now decide whether (Z,,©) is a commutative group:

The set Z, with the operation © is __.
[select: | a commutative group | not a commutative group ]

Problem 14.2 (4) (1 point)

Fill in the operation table for the binary operation x on the set S ={(0,0),(0,1),(0,2),(1,0),(1,1),(1,2),}
defined by (a,b) x (c,d) = ((a+c) mod 2, (b+d) mod 3) :

* (0,0 O (©2 1,0 @O, 1.2)

0,0 ©0 ©1H —— (1,0 (d€,1) 1,22
on on —— _—— @OH — 1,0
©2 __ 00 O __ 10 __
w
@y G,y 02
12 12 1,00 — (@©2 — (O

Complete the following:
(1) In Zy x Z3 with respect to the operation x .

[select: | the identity element is (0,0) | the identity element is (1,1) | the identity element is (1,0) |
the identity element is (0,1) | there is no identity element ]

(2) In Zz X Z3 N

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined ]

with respect to the operation *.

(3) The operation * is associative.
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(4) The operation x is .
[select: | commutative | not commutative ]

Conclude whether (Z; x Z3,*) is a commutative group:

The set Z; x Zs with the operation x is .
[select: | a commutative group | not a commutative group ]

Problem 14.2 (5) (1 point)

Let D={p, q, r, s}. Let the binary operation (J on D be defined by

O p q r s
p p q r 8
q qg 1 S p
r r s p q
s s p q r

Complete the following:
(1) In the set D with respect to the operation [J __.

[select: | the identity element is p | the identity element is q | the identity element is r | the identity
element is s | there is no identity element ]

(2) Find the inverses of the elements of D with respect to [1. If an element does not have an inverse answer:
none.

The inverse of pis .

The inverse of qis .

The inverse of ris __.

The inverse of sis .

InthesetD __.

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined ]|
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with respect to the operation [1.
(3) The operation [ is associative.

(4) The operation [1is .
[select: | commutative | not commutative ]

Conclude whether (D,[J) is a commutative group:

The set D with the operation [1is .
[select: | a commutative group | not a commutative group ]

Problem 14.2 (6) (1 point)

Complete the operation table for the binary operation ® on the set Z; defined by a @b = (a-b) mod 7 :

® 0 1 2 3 4 5 6
o _ 0 0 0 0o
1 1 - _ _ 6
2 0 2 -1 _— 5
3 3 2 . _ 4
4 0 __ 2 6 3
S 0 5 3
6 O 6 -

Complete the following:

(1) In Z7 with respectto ® __.
[select: | the identity element is 0 | the identity element is 1 | there is no identity element ]

(2) Find the inverses of the elements of Z; with respect to ® . If an element does not have an inverse answer:
none.

The inverse of Ois __.

The inverse of 1is __.
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The inverse of 2 is .

The inverse of 3is .

The inverse of 4 is .

The inverse of 5is .

The inverse of 6is .

With respect to ® .

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined |

(3) ® is associative

@) ®is _.
[select: | commutative | not commutative ]

Now decide whether (Z7,®) is a commutative group:

The set Z7 with the operation ® is .
[select: | a commutative group | not a commutative group ]
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Solutions

Problem 14.2 (1) Correct Answers:

.
—_ W NI POV PRAPAANDNOO RO RO PR, LWRAERNDUBMRAWLWOOOO

* the identity element is 1
* none

o1

* none

* none
* 5

* none

o 7

¢ at least one element does not have an inverse
e commutative

* not a commutative group

Problem 14.2 (2) Correct Answers:

e 2
¢ the identity element is 1
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e 1

L)

¢ each element has an inverse
e commutative

* a commutative group

Problem 14.2 (3) Correct Answers:

e 1

e 1

¢ the identity element is O

* 0

e ]

¢ each element has an inverse
e commutative

* a commutative group

Problem 14.2 (4) Correct Answers:

L]

—_— O O = = O O O = M k= == 0O = 0O
— O = O NN = O = O == NN O NN
S N N N N e e e N N e e N N N N N N

L]
e R N N N e N R N 1 e R N N i R R R

* (0,0)

¢ the identity element is (0,0)
¢ cach element has an inverse
e commutative

* a commutative group

Problem 14.2 (5) Correct Answers:

* the identity element is p
°p
e
o
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*q

¢ each element has an inverse
e commutative

* a commutative group

Problem 14.2 (6) Correct Answers:

.
— D W LN RN R NN WA PR OUNRAR WDNDOOOO

¢ the identity element is 1

¢ at least one element does not have an inverse
e commutative
* not a commutative group
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14.3 Modular Arithmetic

Problem 14.3 (1) (1 point)

Leta:=7021, b := 656, ¢ := 26, and d := 7918.
Compute:

amod7=___

bmod7=___

cmod7=___

dmod7=___

Now use these to compute the following:

Problem 14.3 (2) (1 point)
Perform the following computations:

2103 mod 11 =__
5313mod 11 =__
8983 mod 11 =__

Now use these results to find the following:

(2103-5313) mod 11 =____

(53134 8983) mod 11 =
((2103-5313)+8983) mod 11 =____
(2103+5313+8983) mod 11 = ____

Problem 14.3 (3) (1 point)

Let a be an integer.

Suppose that the remainder when a is divided by 8 is 3 and the remainder when b is divided by 8 is 4.
That is, a mod 8 = 3 and » mod 8 = 4.

Find:

(a+a)mod8=__

354



(a+b)mod8=__
(a-b)mod 8 =__
(a+3)mod8=__

(3-b)mod8=__

Problem 14.3 (4) (1 point)

The remainder when a is divided by 42 is 5 and the remainder when b is divided by 42 is 11.
That is, a mod 42 =5 and b mod 42 = 11.

Find:

(a+a)mod42=__

(a+b)mod42=__

(a-b)mod 42 =___

(a+10) mod 42 =___

(10-5) mod 42 = __

Problem 14.3 (5) (1 point)

Let @ : Za7 X Za7 — Za7 be defined by a &b = (a+b) mod 47.
Compte

9¢45=__

4509 =__

(22@21)@17=__

26 21617) =__

Problem 14.3 (6) (1 point)

Let ® : Z§, x Z3; — Z{, be defined by a®b = (a-b) mod 11.
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Compute
8®9=__
43 =__
10®6=__
T®9=__
Bel)e8=__

30(108)=__

Problem 14.3 (7) (1 point)
What is the identity in the following sets with respect to the given operation.

1. __ 74 with the operation * defined by a*b = (a-b) mod 4
2. ___ 7 with the operation * defined by a*b=a-b

3. __ 7Z with addition

4. __ 74 with the operation * defined by a*b = (a+ b) mod 4

5. __ Z3 with the operation * defined by a*b = (a-b) mod 2

Problem 14.3 (8) (1 point)
Consider the binary operation + : Z X Z — Z.

The identity with respect to 4 in Z is __.
The inverse of 39 with respectto + in Zis ___.
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Solutions

Problem 14.3 (1) Correct Answers:

.
S OO = W O

Problem 14.3 (2) Correct Answers:

.
NeBREN BEN R Rl )

Problem 14.3 (3) Correct Answers:

.
L e W e

Problem 14.3 (4) Correct Answers:

* 10
* 16
* 13
* 15
* 26
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Problem 14.3 (5) Correct Answers:

.
—_— = ]

3
3

Problem 14.3 (6) Correct Answers:

.
NN o — AN\

Problem 14.3 (7) Correct Answers:

Hint: Binary operations based on addition (+) and multiplication (-) ’inherit’ properties form these opera-
tions on the integers. One of the ’inherited’ properties is the identity element.

In the cases were there is no identity element, it only takes a few tries to find a counterexample.

Correct Answers:

L]

—_—O O = =

Problem 14.3 (8) Correct Answers:
Hint: An element e € Z is the identity with respect to + ifa+e =aand e4+a =a forall a € Z.

An element b € Z is the inverse of a € Z with respectto + ifa+b=eand b+a=e.

Make sure that your answer is an element of Z.

Correct Answers:

* 0
* -39
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14.4 Additive Groups

Problem 14.4 (1) (1 point)

Complete the operation table for the binary operation @ on the set Z4 defined by a @b = (a+b) mod 4 :

@ 0 1 2 3
0o 1 2 3
1 1 2 3
2 3 1
3 - _ __

Complete the following:

(1) In Z4 with respectto d .
[select: | the identity element is 0 | the identity element is 1 | there is no identity element ]

(2) Find the inverses of the elements of Z,4 with respect to & . If an element does not have an inverse answer
‘none’.

The inverse of O is ___.

The inverse of 11s ___.

The inverse of 21is __.

The inverse of 31is __.

With respectto & .

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined ]

(3) & is associative.

@ ®is _.

[select: | commutative | not commutative ]

Now decide whether (Z4, ) is a commutative group:

The set Z4 with the operation & is __.
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[select: | a commutative group | not a commutative group ]

Problem 14.4 (2) (1 point)

Find the inverses of the elements of Z;; with respect to
@ : Zop X Ly — 7y defined by a® b = a+ b mod 22.
The inverse of 141is .

The inverse of 111is .

The inverse of 7is __.

The inverse of 6is .

Problem 14.4 (3) (1 point)
Let m be a natural number. Let S={0,1,2,3,...,m — 1}. Let ®:SxS—S be given by a®b=(a+b) mod m.

We show that (S,®) is a group.

(a) Because a®0 =_ ) and 0pa=_B) forall ain S, the element _(©) _is the _(?)  with respect to
the operation .

(A):[select: |a|a1]|0]|1]2]| ma]|am]
(B):[select: |a | a1 |0]|1]2 | ma]|am]
(C):[select: |a|a1|0|1]|2| ma]am]

(D): [select: | analogue | identity | inverse | opposite ]

(b)Forall ain S we have a® _ ) =0and _8) _ @a=0.
Thus each a in S has an __(€)__ with respect to the operation .

(A):[select: |a|a1]|0]|1]2]| ma]|am]
(B):[select: |a|a1|0|1]|2| ma]|am]

(C): [select: | analogue | identity | inverse | opposite ]
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(c) The addition of integers is associative. That means __(4)__ for all integers a, b, and c.
Thus for for all a, b, and ¢ in S we have (a®b)® c=_B8) =_(©)  =ap (b c).

(A): [select: | (at+b)+c=a+(b+c) | atb=b+a | a+t0=aand0+a=a | a+tb=0and b+a=0]

(B): [select: | ((a+b)+c) mod m | (a+(b+c)) mod m | (a+b) mod m | (b+a) mod m | (a(b+c)) mod
m | (ab+ac) mod m ]

(C): [select: | ((a+b)+c) mod m | (a+(b+c)) mod m | (a+b) mod m | (b+a) mod m | (a(b+c)) mod
m | (ab+ac) mod m ]

Hence the operation ¢ is .
[select: | associative | commutative | disruptive | distributive | orderly ]
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(d) The addition of integers is commutative. That means __4)__ for all integers a and b.
Thus for for all aand b in S we have adb=_58) =_(©) =bga.

(A): [select: | (at+b)+c=a+(b+c) | atb=b+a | a+t0=aand0+a=a | a+tb=0and b+a=0]

(B): [select: | ((a+b)+c) mod m | (a+(b+c)) mod m | (a+b) mod m | (b+a) mod m | (a(b+c)) mod
m | (ab+ac) mod m ]

(C): [select: | ((a+b)+c) mod m | (a+(b+c)) mod m | (a+b) mod m | (b+a) mod m | (a(b+c)) mod
m | (ab+ac) mod m ]

Hence the operation ¢ is .
[select: | associative | commutative | disruptive | distributive | orderly ]

We have shown that

(a) the set S contains an identity with respect to the operation &,

(b) for each element in S the set S contains an inverse with respect to &,
(c) the operation & is associative,

(d) the operation @ is commutative.

Thus the set S with the operation @ is a commutative group.
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Solutions

Problem 14.4 (1) Correct Answers:

.
N = O W o DO O

* the identity element is O

e 0

e 3

L)

e 1

¢ each element has an inverse
e commutative

* a commutative group

Problem 14.4 (2) Correct Answers:

e 8

11
e 15
* 16

Problem 14.4 (3) Correct Answers:

*a
°a

* 0

* identity

e m-a

* m-a

e inverse

¢ (atb)+c = a+(b+c)
¢ ((a+b)+c) mod m
¢ (a+(b+c)) mod m
* associative

e atb=b+a

¢ (a+b) mod m

¢ (b+a) mod m

e commutative
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14.5 Multiplicative Groups

Problem 14.5 (1) (1 point)

Fill in the operation table for the binary operation ® on the set Z5 defined by a®b = (a-b) mod 7 :

® 1 2 3 4 5 6
1 - 3 4 5
2 . . . _ _ 5
3 3 _ _ 5 | S
4 1 __ 2 6 3
s —— 1 6 __
6 5 __ 3 2

Complete the following:

(1) in Z? with respect to ® .
[select: | the identity elementis 1 | there is no identity element ]

(2) Find the inverses of the elements of Z7® with respect to ® . If an element does not have an inverse answer
‘none’.

The inverse of 1is .

The inverse of 2is .

The inverse of 3is .

The inverse of 4 is .

The inverse of 5is .

The inverse of 6is .

With respect to ® .

[select: | each element has an inverse | at least one element does not have an inverse | there is no
identity, so inverses are not defined ]

(3) ® is associative.

@) ®is _.
[select: | commutative | not commutative ]

Decide whether (Z%z’ , ®) is a commutative group:
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The set Z? with the operation ® is .
[select: | a commutative group | not a commutative group ]

Problem 14.5 (2) (1 point)

Find the inverses of the elements of Z;o with respect to
@ : Zog X Lo — Zog defined by a ® b = a+ b mod 20.
The inverse of O is .

The inverse of 121is __.

The inverse of 31is .

The inverse of 13is .

Problem 14.5 (3) (1 point)
In the group (Z}y,®) where a®b = (a-b) mod 19 find the inverse of 6 with respect to ®. Fill in the blanks.
(1) We have gcd(19,6) = .

(2) By Bezout’s identity there are integers s and 7 such that s- 19+7-6 = gcd(19,6).
We have __-19+___ -6 = gcd(19,6) =

(3) The inverse of 6 in Z% with respect to ® is .

Problem 14.5 (4) (1 point)
In the group (Z}},®) where a®b = (a-b) mod 13 find the inverse of 4 with respect to ®. Fill in the blanks.
(1) We have ged(13,4) = .

(2) By Bezout’s identity there are integers s and 7 such that s- 13 +7-4 = ged(13,4).
We have 13+ -4 =gcd(13,4) =__.

(3) The inverse of 4 in Z{} with respect to ® is .

Problem 14.5 (5) (1 point)
Find the inverses of the elements of Z? with respect to
R Z? ><Z§g —>Z§Q defined by a® b =a-b mod 3.
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The inverse of 1 is .

The inverse of 21is .

Problem 14.5 (6) (1 point)
Let p be a prime number. Let S=1,2,3,...,p-1. Let ®:SxS—S be given by a®b=(a-b) mod p.

We show that (S,®) is a group.

(a) Because a®1 = _ 4 and I@a=_5)_forall ain S, the element _(©) _is the _(?) _ with respect to
the operation ®.

(A):[select: |a|p|s|t]|O0]1]
(B):[select: |a |p|s|t]O0]1]
(C):[select: |a |p|s|t]0]1]

(D): [select: | analogue | identity | inverse | opposite | unit ]

(b) Letain 1,2,3,....p-1. As p is prime we have ged(a,p) = ()
By Bezout’s theorem there are integers s and t such that s-a+t-p =
Thus _©  ®a=(_P) _.a)mod p=L1.

So_) mod pis the _F) _ of a with respect to ®.

(B)

(A):[select: |a|p|s|t]|O0]1]
(B):[select: |a |p|s|t]O0]1]
(C):[select: |a|p|s|t|0]1]
(D):[select: |a|p|s|t]|0]1]
(E):[select: |a|p|s|t]|0]1]

(F): [select: | analogue | identity | inverse | opposite | unit ]

(c) The multiplication of integers is , that is, (a-b)- c= a-(b- ¢) for all integers a, b, and c. Thus for for
all a, b, and ¢ in S we have (a®@b)® ¢ =((a-b)- ¢) mod p =(a-(b- ¢)) mod p =a®(b® c).

[select: | associative | commutative | disruptive | distributive | negative | orderly | positive |
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transitive |

Hence the operation ® is

[select: | associative | commutative | disruptive | distributive | negative | orderly | positive |
transitive ]

(d) The multiplication of integers is , that is, a-b=b-a for all integers a and b. Thus for alla and b in S
we have a®@b =(a-b) mod p =(b-a) mod p =b®a.

[select: | associative | commutative | disruptive | distributive | negative | orderly | positive |
transitive ]

Hence the operation ® is

[select: | associative | commutative | disruptive | distributive | negative | orderly | positive |
transitive ]

‘We have shown that

(a) the set S contains an with respect to the operation ®,
[select: | analogue | identity | inverse | opposite | unit ]

(b) for each element in S the set S contains an with respect to ®,
[select: | analogue | identity | inverse | opposite | unit ]

(c) the operation & is associative,

(d) the operation ® is
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[select: | associative | commutative | disruptive | distributive | negative | orderly | positive |
transitive ]

Thus the set S with the operation ® is a commutative group.
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Solutions
Problem 14.5 (1) Correct Answers:

.
— A AN P, LUNUNEAE RO E,ANRDAND R~

* the identity element is 1

.
AN W NN A=

¢ each element has an inverse
e commutative
* a commutative group

Problem 14.5 (2) Correct Answers:

* 0
e 8
e 17
e 7

Problem 14.5 (3) Correct Answers:

Hint: (2) Let a and b be natural numbers. If gcd(a,b) =a mod b then s-a+1t-b = ged(a,b) for s = 1 and
t = —(adivb).

(3) b € Zjy is the inverse of 6 when b®6 = (b-6) mod 19 = 1.

Correct Answers:
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e 1
e —3:1
e 1
* 16

Problem 14.5 (4) Correct Answers:

Hint: (2) Let a and b be natural numbers. If ged(a,b) =a mod b then s-a+1-b = ged(a,b) for s =1 and
t =—(adivb).

(3) b € Z, is the inverse of 4 when b®@4 = (b-4) mod 13 = 1.

Correct Answers:

o 1
e —3:1
o 1
¢ 10

Problem 14.5 (5) Correct Answers:

1
L

Problem 14.5 (6) Correct Answers:

°*a
°a

1
* identity

1
1
* s
S
S

* inverse

¢ associative
e associative
e commutative
e commutative
* identity

e inverse

e commutative
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Chapter 15

Powers and Logarithms

L.
2. |Repeated Squaring]

3. |Fast Exponentiation|

4. |Discrete Logarithm|
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15.1 Exponentiation

Problem 15.1 (1) (1 point)

In (Z$,®) where a®b = (a-b) mod 5 compute:
409 =

4l —
429 —
439

44® —

Use the information above to find the smallest non-negative integer n such that 4"® = 1.

Problem 15.1 (2) (1 point)

In (Z%,®) where a®b := (a-b) mod 7 compute:
7

599 =__
51®
52®
53®
54@
55®

56® —

Problem 15.1 (3) (1 point)
We consider the function & : Zjg — Z9 given by h(x) = 2*¥ = 2* mod 19.
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2x®

O == s e e
S = N WPk 0N X

S = D Wk NI X

9 10 11 12 13 14 15 16 17 18 «x

Find the following:

20® —

23 =

2% —

27® —

28® —

299 =

211® _

214®

218® —

Problem 15.1 (4) (1 point)
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Let (G,®) be a group and b € G. We set b°® = e where e € G is the identity of (G,®). For n € N we set

P =bb---Qb.
N— —

n times

In (Z$5,®) where a®b = (a-b) mod 17 compute:
129=__
24®

42®

52® —

Problem 15.1 (5) (1 point)
Let p be a prime number. Consider the following in the group (fo, ®) where a® b := (a-b) mod p.

Match the expressions that are equal for all a € fo’ and all non-negative integers n by entering the let-
ters next to the numbers.

_ 1. a® A. a*®

__ 2. qlrtme B.a
__3.4a® C.a"°@a"™
__ 4. (a")ym® D. glnm®
5 a®a E. 1

__ 6. a% Fa®a®a

Problem 15.1 (6) (1 point)
Naive Exponentiation

With the naive exponentiation algorithm find 3'> mod 19.

Input: Base b:=___ anexponentn:=___ and amodulus m :=__.
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let c:=3andlet i:=1.

let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod19=__andlet i:=i+1=__
let c:=(c-3)mod 19=__andlet i:=i+1=__
let c:=(c-3)mod 19=__andlet i:=i+1=__

Because the statement i = 15 is true, the loop ends here.

Output: 3" mod 19=c=__.

Problem 15.1 (7) (1 point)

In (Z{},®) where a®b := (a-b) mod 13 compute:

300 =_
310 =
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320 =34)e =319 @3 =_ ®3=(__3)mod 13=

339 =324 =320 @3=_ ®3=(__3)mod 13=__
349 =301 =33 @3=_ ®3=(_3)mod 13=__
399 =30E =34 g3=_ ®3=(__3)mod13=__
369 =308 =39 @3=_ ®3=(_-3)mod 13=__
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Solutions

Problem 15.1 (1) Correct Answers:

L]
O = R = RN =

Problem 15.1 (2) Correct Answers:
Hint: Use that 5" = 5"® @ 59 For example, we have 52 =4 and 5'® = 5, thus

539 =59 = 529 25 =4 5= (4. 5) mod 7 = 6.

Correct Answers:

.
—_— W NN =

Problem 15.1 (3) Correct Answers:
Hint: The graph of the function & : Z19 — Z19 given by h(x) = 2*® = 2¥ mod 19 is

{(x, 2* mod 19) | X e Zlg} C Z19 X Zq9

In the plot the elements of the graph are represented by black pixels.

Correct Answers:

e 1
e 8
13
14
*9
* 18
* 15
* 6
e 1

Problem 15.1 (4) Correct Answers:

e 1
* 16
* 16
* 8
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Problem 15.1 (5) Correct Answers:

mp»>owa™

Problem 15.1 (6) Correct Answers:

.
W

.
—_—
O W

)
el ) NN I S Be) NN B, BTSN SV, B UV Ie I \O JNe)

e o o o o o o o o o
N e e e e e e =)
WA ND==)OO0 o)

. 14
. 12
. 15
. 12

Problem 15.1 (7) Correct Answers:
Hint: We have 32® =9 and 3!® = 3, thus

339 =329 =329 %3 =9®3=(9-3) mod 13 =27 mod 13 = 1.

Correct Answers:
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15.2 Repeated Squaring

Problem 15.2 (1) (1 point)

Let (G,®) be a group and b € G. We set b = e where e € G is the identity of (G,®). For n € N we set

V" =bRb®---®Db.
N ——

n copies of b

In (Z$,,®) where a®b = (a-b) mod 41 follow these steps to compute 532%.

5l® —

520 — 5l® ®51® = ® =

540 — 52 ® 520 — Q=

58® — 54® B 54® = Q=

516@ — 58 ®58® = ®_ =

532® — 516® ® 516® = Q=

Problem 15.2 (2) (1 point)

Let p be a prime number. Consider the following in the group (Z;, ®) where a® b := (a-b) mod p.

Match the expressions that are equal for all a € Z? and all non-negative integers n by entering the let-
ters next to the numbers.
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1. a®® A. d*® @ a*®

_ 2. a%® B. a"® @ a"®
3 g12@ C. a'6® @ q16%
_ 4 a*® D. a%® @ a%®
__ 5. 4% E. a’*® @ a®®
_ 6. a?® Fa®a

__ 7. a@ne® G.d*®@a*®
__ 8. a'%® H. %% ® a®®

Problem 15.2 (3) (1 point)
Let ® : Z{y937 X Ziggz7 — Liogs; be the binary operation given by a® b = (a-b) mod 19937.

We set b°° := e where e € G is the identity of (G,®). For n € N we set

P =bb®---Qb.
(g ——

n copies of b

How many operations ® are needed to compute 3% with the naive exponentiation method (repeated mul-
tiplication by 3) ?

How many operations @ are needed to compute 3% with the repeated squaring method ?

Problem 15.2 (4) (1 point)

k .. . .
There are many methods to calculate x(2") for some positive integer k and given x.

Naive Exponentiation

The first naive method, just multiplies x with itself to find x> and then multiplies x with x? to find x> and
keeps going like this till x%" is found.
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Example.

To find x* it requires 3 multiplications, namely ( x with itself to find x?, x with x? to find x* and finally x with
x3 to find x*.)

Repeated Squaring

On the other hand there is also a second method called fast exponentiation where we at each stage multiply
the last number with itself.

Example.

To find x*, one first multiplies x with itself to get x?, then one multiplies x> with itself to get x*. This second
method only took 2 multiplications to find x*.

Questions
To calculate x'?® with the naive exponentiation method takes multiplications.
To calculate x'?® with the repeated squaring method takes multiplications.

Which method is more efficient ?

* A. Naive exponentiation is more efficient than fast exponentiation.
* B. Repeated squaring is more efficient than naive exponentiation.

Problem 15.2 (5) (1 point)

Let (G,®) be a group and b € G. We set b°° = e where e € G is the identity of (G,®). For n € N we set

V" =bb®---Qb.
~— —

n copies of b

In (Zg},®) where a®@b = (a-b) mod 83 we have
T8¢ = 36.
Compute

7160 _— 78® ® 789 — R =
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Problem 15.2 (6) (1 point)

Let (G,®) be a group and b € G. We set b = e where e € G is the identity of (G,®). For n € N we set

P =bb---Qb.
—————

n copies of b

In (Zg;,®) where a®b = (a-b) mod 83 follow these steps to compute 5329,

519 =

52® — 51® ®51® = Q=
54® — 52® ® 52® - Q=
58® — 54@ ® 54® = ®_ =

516@ — 58® ®58® = ® =

5320 — 516® ® 56 — R =

Problem 15.2 (7) (1 point)

Let (G,®) be a group and b € G. We set b’® = e where e € G is the identity of (G,®). For n € N we set

V" =bRb®---®b.
N —

n copies of b

In (Z5,®) where a®b = (a-b) mod 79 we have

5169 =31,
Compute
532® — 516® ® 516® — R =
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Problem 15.2 (8) (1 point)

Let (G,®) be a group and b € G. We set b = e where e € G is the identity of (G,®). For n € N we set

P =bbR---Qb.
————

n copies of b

In (Z);,®) where a @b = (a-b) mod 103 follow these steps to compute 15547

15 =__

1529 =

154® —

158 =

15109 =

15320 =___

1564® =
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Solutions

Problem 15.2 (1) Correct Answers:

Hint: We have b"® = b" mod 41. Always compute mod41 before entering the answers.

Correct Answers:

*5
*5
*5
* 25
25
* 25
* 10
* 10
* 10
* 18
* 18
* 18
* 37
e 37
* 37
* 16

Problem 15.2 (2) Correct Answers:

TWOQTO»m

Problem 15.2 (3) Correct Answers:
Hint: § =23
Correct Answers:

L
*3

Problem 15.2 (4) Correct Answers:
Hint: 128 =27.
Correct Answers:

o 127

7
*B

Problem 15.2 (5) Correct Answers:
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* 36
* 36
e 51

Problem 15.2 (6) Correct Answers:

Hint: We have b"® = b" mod 83. Always compute mod 83 before entering the answers.

Correct Answers:

Problem 15.2 (7) Correct Answers:

» 31
* 31
13

Problem 15.2 (8) Correct Answers:

Hint: Use that for all natural numbers m we have 152M® = 15m+m® — 15m® g 15m®

Correct Answers:

* 15
* 19
52
* 26
* 58
* 68
* 92
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15.3 Fast Exponentiation

Problem 15.3 (1) (1 point)
You are given the following information:

(1) These powers of 2 modulo 181 can be computed using repeated squaring:
2! ' mod 181 =2

22 mod 181 =4

2*mod 181 =16

28 mod 181 =75

219 mod 181 = 14

232 mod 181 =15

2% mod 181 = 44

(2) Wehave 18 =2+16
Now compute:

28 mod 181 =___

Problem 15.3 (2) (1 point)

These powers of 6 modulo 251 can be computed using repeated squaring:
6! mod 251 =6

6% mod 251 = 36

6* mod 251 =41

6° mod 251 = 175

6!° mod 251 = 3

Now compute:

6° mod 251 =___

Problem 15.3 (3) (1 point)
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Fast Exponentiation

With the fast exponentiation algorithm find 4% mod 19.

Input: Baseb:=___ anexponentn:=___ and amodulus m :=__.

let a:=1andlet c:=b=__.

let r:=nmod2=__.1if r=1thenlet a:=(a-c) mod 19. Nowa=__
let n:=ndiv2=__
andlet c:=(c-c)mod 19=__

let r:=nmod2=__.if r=1thenlet a:=(a-c) mod 19. Nowa=__
let n:=ndiv2=__
andlet ¢:=(c-c)mod 19=__

let r:=nmod2=__.if r=1thenlet a:=(a-c) mod 19. Nowa=__
let n:=ndiv2=__

andlet ¢c:=(c-c)mod 19=___

let r:=nmod2=___.1if r=1thenlet a:=(a-c) mod 19. Nowa=__
let n:=ndiv2=__

Because the statement n = 0 is true, the loop ends here.

Output: 4 mod 19=a=__.

Problem 15.3 (4) (1 point)
Let ® : Zj; x Z3; — 73, be given by a®@b = (a-b) mod 41. We compute

989 =929 -.-®9 =9* mod 41
R e s

48 times

using fast exponentiation.

Find the base 2 expansion of 48.
48=(__64)+(—32)+(—16)+(—-8)+(—4)+(—2)+(—"1)
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Complete the table. In the right column decide whether the power of 9 occurs in the product evaluated to
find 948 when using fast exponentiation.

9l® = [select: | yes | no]
92® —9le gol® — [select: | yes | mo ]
94 =920 920 = [select: | yes | no ]
PBO =9t QoI = [select: | yes | no ]
9160 =989 98¢ —  [select: | yes | no]
9320 = 9l6® ©916® —  [select: | yes | mo]
964 — 9329 9320 —  [select: | yes | no]

Use these values to compute 9*8%

948® —

Problem 15.3 (5) (1 point)
Let ® : Z3] x Z3, — Z5, be given by a®@b = (a-b) mod 11. Compute

5% =505®---®5=>5"mod 11
N ——

4 times

using fast exponentiation.

Find the base 2 expansion of 4.

4=(16)+(— 8) 4 (— A+ (—2)+(—1)

Complete the table. In the right column decide whether the power of 5 occurs in the product that is used to
find 5% when using fast exponentiation.
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s19=_ [select: | yes | no]

520 =59@5!® = [select: | yes | no]
540 =520 2520 = [select: | yes | no]
539 =540 054 = [select: | yes | no]
5100 = 89 589 = [select: | yes | no]

Use the above to compute 54

54 =

Problem 15.3 (6) (1 point)
Let ® : Z3, x L5, — L, be given by a® b = (a-b) mod 37. Compute

= 7®---@7 =7 mod 37.
—————
15 copies of 7

using that 7% =7, 72® = 12, 7%® = 33, 73% = 16.

715® —

Problem 15.3 (7) (1 point)

Let ® : Ziygy X Ziygs — Lyg, be given by a® b = (a-b) mod 1087.
We have

319 =3,320 =9, 3% =81, 389 = 39, 3169 = 434, 332% = 305

Use the above to compute:
309 = 3®---®3 =3 mod 1087.
N——

56 copies of 3

356® —

If the numbers become top big, compute ” mod 1087 ” after every multiplication.

Problem 15.3 (8) (1 point)
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Let ® : Z3 x L5y — L5, be given by a® b = (a-b) mod 73. Compute
7 =7®7® --®7="7" mod 73
————

33 times

using fast exponentiation.

Complete the table. In the right column decide whether the power of 7 occurs in the product evaluated to
find 733 when using fast exponentiation.

7% =7 [select: | yes | no]
7?® =49  [select: | yes | no]
749 =65  [select: | yes | no]
789 =64  [select: | yes | no]
7162 —8  [select: | yes | no]

732® =64 [select: | yes | no]

Use these values to compute 733%

733® —

Problem 15.3 (9) (1 point)

Let ® : Z3, X Z5, — Z55 be given by a®@b = (a-b) mod 23. Compute
5%3% 2 595®---®5 = 5°° mod 23
—_—

33 times

using fast exponentiation.

Find the base 2 expansion of 33.

33=(__64)+(_—32)+(—16)+(— 8)+ (4 +(_—2)+(_—"1)

Complete the table. In the right column decide whether the power of 5 occurs in the product evaluated to
find 5°3® when using fast exponentiation.
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59 =5

520 =2
540 =4
589 =16
5160 _ 3
5320 _g
5049 =12

[select:
[select:
[select:
[select:
[select:
[select:

[select:

yes

yes

yes

yes

yes

yes

yes

no |
no |
no |
no |
no |
no |

no |

Use the above to compute 533,

533® —
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Solutions

Problem 15.3 (1) Correct Answers:

Hint: Use that for all natural numbers m and n we have

2(m+n)® — m® ® me

Correct Answers:

* 56

Problem 15.3 (2) Correct Answers:
Hint: We have 6 =2+ 4

Use that for all natural numbers m and n we have

6(m+n)® — 6m® ® 6n®.

Correct Answers:

* 221

Problem 15.3 (3) Correct Answers:

[ ]
A= k= 00
Ne)

.
—
(o)}

[ ]
N O N = W = = O 0N = O

Problem 15.3 (4) Correct Answers:

.
S = = O
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.
o O O O

® no

* yes

* yes
o1
* no
1

Problem 15.3 (5) Correct Answers:

.
wn O O = OO

® no

® no

* yes
e 4
* no
*5
* no

*9

Problem 15.3 (6) Correct Answers:

* 26

Problem 15.3 (7) Correct Answers:

Hint: We have
56 =234+2%+2>=8+16+32.

Thus
356@ — 38 ®316 ®332'

Correct Answers:
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* 267

Problem 15.3 (8) Correct Answers:

* yes
* no
* no
* no
* no
* yes
* 10

Problem 15.3 (9) Correct Answers:

.
—_ o O O O~ O

* yes
* no
* no
* no
* no
* yes
* no
e 22

395



15.4 Discrete Logarithm

Problem 15.4 (1) (1 point)

In (Z{},®) where a® b = (a-b) mod 13 compute:
409 —

Al =
428
438
448
459
469
47
489

49® _

410® —

411® —

412® —

Use the information above to find the smallest non-negative integer n such that 4"® = 1.

Problem 15.4 (2) (1 point)

Consider the function g : Zy, — Z3} given by g(x) = 5 = 5" mod 23.
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5x®

P e e e e e = DD DD DN
CoOrRrOW@WREUOWO 00D~

— N Wk U I

01 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 «x

Find the following:
logd(1)=__
logd(5)=__
logd(9) =__
logs'(10) =
logd(14) = __
logd(17) =

logs'(20) =

Problem 15.4 (3) (1 point)
In (Z%;,®) where a® b = (a-b) mod 13 compute:
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79 =__
7 =__
7 =_
PO=__
7O =
7R —
76®
77®

78®

79® —

710® —

711® —

Now use the information above to find the following:
log? l=__
log§ 2=__
logi3=__
logid=__
log§ S5=__
logi6=__
log? T=__
log§ 8=__
logd?9=__

logd 10=___
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loggoll =__

log§ 2=__

Problem 15.4 (4) (1 point)

In (Z3,®) where a®b = (a-b) mod 7 compute:

209 =__
21®
22®
23®
24®
25®

26® —

Now use the information above to find the following:

logy' (1) =—

Problem 15.4 (5) (1 point)
Let ® : Z{, x Z3; — Z{, be given by a® b = (a-b) mod 11.
In (Z{,,®) find the discrete logarithm of 7 to the base 7.

log§ ()=

Problem 15.4 (6) (1 point)
Let ® : Z{) x 25, — 77, be given by a® b = (a-b) mod 17.

Find smallest non-negative integer n such that 14"® = 3.

Problem 15.4 (7) (1 point)
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Let ® : Z X ZE — ZE be givenby a®@b = (a-b) mod 5.
In (ZZ,®) find the discrete logarithm of 4 to the base 4.

logﬁf’ 4)=_—_
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Solutions
Problem 15.4 (1) Correct Answers:

L]

[ ]
Or—v—‘ov—‘u-)-br—‘r—‘\olgw-lkv—

-

[\S]

o

Problem 15.4 (2) Correct Answers:
Hint: The graph of the function g : Z3_1 — Z5; given by g(x) = 5 = 5" mod 23 is

{(x, 5" mod 23) | X e Zgz} CZpy — Z2®3

In the plot the elements of the graph are represented by black pixels.

The discrete logarithm 10g5® (y) to base 5 is the inverse of the exponential 5*“. That is, when 5*® = y then
x =1log? (y).

Correct Answers:

* 0
e 1
* 10
*3
* 21
e 7
*5

Problem 15.4 (3) Correct Answers:

[ ] [ ]
oowO\HHOLnS\lr—‘

N =
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.
0 = O N B
—

.
—
(e}

.
NN RO~ W

Problem 15.4 (4) Correct Answers:

L]
=Y N R N\ R

Problem 15.4 (5) Correct Answers:

Hint: log§ (7) is the smallest non-negative integer n such that 7" = 7.

Correct Answers:

L |

Problem 15.4 (6) Correct Answers:

Hint: The smallest non-negative integer n such that 14" = 3 is the discrete logarithm of 3 to the base 14 in
(Z$,,®) denoted by log},(3).

Correct Answers:

*9

Problem 15.4 (7) Correct Answers:

Hint: log (4) is the smallest non-negative integer n such that 4" = 4.

Correct Answers:

o 1
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Chapter 16

Public Key Cryptography

1. [Introduction Public Key]|
2.
3. [EIGamal Crypto System|
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16.1 Introduction Public Key

Problem 16.1 (1) (1 point)
Complete the following.
A trapdoor functionisan ___ function such that:

[select: | easy | hard | impossible | invertible ]

(a) The functionis ________ to evaluate.

[select: | easy | hard | impossible | invertible ]

(b) The inverse of the functionis ___ to evaluate when not in possession of some additional informa-
tion.

[select: | easy | hard | impossible | invertible ]

(c) The inverse of the functionis ___ to evaluate when in possession of some additional information.

[select: | easy | hard | impossible | invertible ]

Problem 16.1 (2) (1 point)

Computing 663634 —939021 __)__ computing —275387 +939021. So subtraction is __(8) _ for a trapdoor
function.

(A): [select: | is much easier than | is much harder than | is about as difficult as ]

(B): [select: | a candidate | not a candidate ]

Let ® : Z19759 X Z'gr59 — ZLiy759 be given by a® b = (a-b) mod 19759.

Computing 3'#® _(4) _ computing loggz’ 1291. So exponentiation modulo 19759 with the inverse discrete

404



logarithm is __(8)__ for a trapdoor function.

(A): [select: | is much easier than | is much harder than | is about as difficult as ]

(B): [select: | a candidate | not a candidate ]

Problem 16.1 (3) (1 point)
Complete the following.
In public key cryptography:

Bob generates a key pair consisting of a__(4)__ which he does not share with anyone and a(n) __(8)

(A): [select: | car key | house key | private key | public key ]

(B): [select: | car key | house key | private key | public key ]

Bob publishes his __(€)__in a public key directory.

(O): [select: | car key | house key | private key | public key ]

When Alice wants to send an encrypted message to Bob she looks up Bob’s __(2) _ in the public key direc-
tory. She uses Bob’s __(£) __ to encrypt a(n) __*)__ and sends the (%) _to Bob.

(D): [select: | car key | house key | private key | public key ]
(E): [select: | car key | house key | private key | public key ]
(F): [select: | encrypted message | message in plain text | mathematics book ]

(G): [select: | encrypted message | message in plain text | mathematics book ]

When he receives a(n) %) _ Bob decrypts it using his __)__to obtain the __/)

(H): [select: | encrypted message | message in plain text | mathematics book ]
(I): [select: | car key | house key | private key | public key ]

(J): [select: | encrypted message | message in plain text | mathematics book ]
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Solutions
Problem 16.1 (1) Correct Answers:

e invertible
e easy
e hard
e easy

Problem 16.1 (2) Correct Answers:
First Part:

Hint: If you can perform both computations by hand and/or a calculator with moderate effort, then the
difficulty of both is most likely the same.

If one of the computations takes a lot of trying around and you still cannot perform it, then that computation
is harder and the other easier.
Second Part:

Hint: If you can perform both computations by hand and/or a calculator with moderate effort, then the
difficulty of both is most likely the same.

If one of the computations takes a lot of trying around and you still cannot perform it, then that computation
is harder and the other easier.

Correct Answers:

¢ is about as difficult as
* not a candidate

e is much easier than

¢ acandidate

Problem 16.1 (3) Correct Answers:

* private key

* public key

* public key

* public key

* public key

* message in plain text
* encrypted message

* encrypted message

* private key

* message in plain text
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16.2 Diffie Hellman

Problem 16.2 (1) (1 point)

In the Diffie Hellman Key Exchange:

Alice and Bob agree on a prime number p and a generator g for the group ({1,2,3,...,p — 1},%) where
axb= (a-b) mod p.

In the dropdown menus we write g¢ for g = (g“) mod p.
Bob chooses an element b in {1,2,3,...,p — 1} and computes B :=

[select: | gxa | gxb | g° | g | g7 | Ab | BY]

Alices chooses an element a in {1,2,3,...,p — 1} and computes A :=

[select: | g+a | gxb | g | g° | g” | A> | B*]

Bobsends _— to Alice. [select: | a | b | g | p| A | B]
Alicesends _ toBob. [select: | a | b | g | p | A | B]
Alice receives _ from Bob. [select: | a | b | g | p | A | B]
Bobreceives _— from Alice. [select: | a | b | g | p | A | B]

Bob computes the shared secret

[select: | gxa | gxb | g* | g" | g” | A® | B*]

Alice computes the shared secret

[select: | g*xa | g=xb | g* | g" | g” | A® | B*]
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The shared secret is equal to:
(Check all that apply)

A. (ga*)b*
B. (gb*)A*
C. B*
D.axb

E. A8*

F. gx(axb)
G. g(ab)*
H. (gb*)u*
LLAxB

J. BP*

K. AB*

L. (g")*a
M. AP

L]

L]

Problem 16.2 (2) (1 point)

Alice and Bob use the Diffie Hellman key exchange to generate a shared secret.

Alice and Bob

For their Diffie Hellman key exchange Alice and Bob agree to work in the group of (Z};s,®) where
a®b = (a-b) mod 1759. They also agree on the generator g = 6.

Alice

Alice chooses her secret a = 3 and sends A = ___ to Bob.

Bob

Bob chooses his secret b =2 and sends B = ___ to Alice.

Alice

Alice receives B = ___ from Bob computes the shared secret ___.
Bob

Bob receives A = ___ from Alice computes the shared secret .
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Problem 16.2 (3) (1 point)

For a Diffie-Hellman key exchange Alice and Bob use the group (Z}},®) and the generator g = 2.
Bob chooses b = 8§ as his secret.

What does Bob send to Alice ?

B=__.

Problem 16.2 (4) (1 point)
For a Diffie-Hellman key exchange Alice and Bob use the group (Zl®7, ®) and the generator g = 2.
Alice sends A = 8 to Bob and Bob chooses b = 7 as his secret.

The shared secretis s =

Problem 16.2 (5) (1 point)

Alice and Bob use the Diffie Hellman key exchange to generate a shared secret.

Alice and Bob: The Group

For their Diffie Hellman key exchange Alice and Bob agree to work in the group of (Z%, ®) where a®@ b =
(a-b) mod 19. They also agree on the generator g = 2.

Alice: Secret

Alice chooses her secret a = 5 and sends A = g*® = (g%) mod 19 = ___ to Bob.

Bob: Secret

Bob chooses his secret b = 4 and sends B = g"® = (g”) mod 19 = ___ to Alice.

Alice: Shared Secret

Alice receives B= ___ from Bob, and she computes the shared secret B4 = (B*) mod 19 = ___

Bob: Shared Secret

Bob receives A = ___ from Alice, and he computes the shared secret A’® = (A?) mod 19 = __.
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Alice and Bob: Shared Secret

Now Alice and Bob share the secret ___.

Problem 16.2 (6) (1 point)

Alice and Bob use the Diffie Hellman key exchange to generate a shared secret.

Alice and Bob: The Group

Alice and Bob agree to work in the subgroup of (Z},,;,®) where a®b = (a-b) mod 1747 generated by
g=2¢ Z% 47 for their key exchange.

Alice: Secret

Alice chooses her secret a = 4 and sends A = (g“) mod p = ___ to Bob.

Bob: Secret

Bob chooses his secret b = 5 and sends B = (g”) mod p = ___ to Alice.

Alice: Shared Secret

Alice receives B= ___ from Bob computes the shared secret (B*) mod p = __.

Bob: Shared Secret

Bob receives A = __ from Alice computes the shared secret (A”) mod p = ___

Alice and Bob: Shared Secret

Now Alice and Bob share the secret ___.

Problem 16.2 (7) (1 point)
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In the following we demonstrate the use of the Diffie-Hellman key exchange together with a symmetric
cipher. For demonstration purposes only the symmetric cipher is a Caesar cipher. In the real world the
numbers in the Diffie-Hellman key exchange are much larger and the symmetric cipher is a cipher that is
more secure than the Caesar cipher; for example the Advanced Encryption Standard — AES.

First Alice and Bob use the Diffie Hellman key exchange to generate a shared secret.

Alice and Bob: The Group

For their Diffie Hellman key exchange Alice and Bob agree to work in the group of (Z{},®) where a® b =
(a-b) mod 13. They also agree on the generator g = 2.

Alice: Secret

Alice chooses her secret a =7 and sends A = g = (g%) mod 13 = ___ to Bob.

Bob: Secret

Bob chooses his secret b = 4 and sends B = g*® = (g”) mod 13 = __ to Alice.

Alice: Shared Secret

Alice receives B=___ from Bob, and she computes the shared secret B*® = (B*) mod 13 =___

Bob: Shared Secret

Bob receives A = ___ from Alice, and he computes the shared secret A*® = (A?) mod 13 = _.

Now Alice and Bob use their shared secret s as the key in a Caesar cipher, that is, the number of letters by
which they shift the characters is s.

Alice: Encryption

Alice wants to send the secret message smile to Bob. She encrypts smile with the Caesar cipher shifting
by s =___ characters. The encrypted messageis . Alice sends the encrypted message to Bob.

Bob: Decryption

Bob receives the encrypted message — from Alice. He decrypts it with the Caesar cipher shifting
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by s =___ characters and obtains the plain text
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Solutions

Problem 16.2 (1) Correct Answers:

“b
“a

Q Q

> 0> W

e A'b
* B"a
ACGHM

Problem 16.2 (2) Correct Answers:

* 216
* 36
* 36
* 022
216
* 022

Problem 16.2 (3) Correct Answers:

3

Problem 16.2 (4) Correct Answers:

e 15

Problem 16.2 (5) Correct Answers:

. 13
. 16
. 16
. 4
. 13
.4
. 4
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Problem 16.2 (6) Correct Answers:

* 16
* 32
e 32
* 376
* 16
* 376
* 376

Problem 16.2 (7) Correct Answers:
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16.3 ElGamal Crypto System

Problem 16.3 (1) (1 point)

When using the ElGamal cryptosystem Bob and Alice do the following.

Bob: Key generation

To generate his public key Bob chooses a prime number p and a generator g in the group
({1,2,3,...,p—1},%) where axb = (a-b) mod p.

In the dropdown menus we write g"c for g°*.
Bob chooses an element b in {1,2,3,...,p — 1} and computes B :=

[select: | g*a|g*b|g alg’b|g’p|A b |B a|m*s | X*t]

Bob publishes his publickey . [select: | (a,X) | (A,X) | (B,X) | (g,b,B) | (p,g.,b) | (p.2,B) | (p.b,B)]

Alice: Encryption

Alice wants to send the secret message m to Bob.

Alice obtains Bob’s publickey _ from the public key directory.
[select: | (@,X) | (AX)[(B.X)|(g.b.B)|(p.g.b)|(p.g.B) | (p.b.B)]

Alices chooses ain {1,2,3,...,p — 1} and computes A :=
[select: |g*a|g*b|g a|g'b|g'p|A b |B a|m*s | X*t]

Alice computes the shared secrets:=__
[select: | g*a|g*b|g a|g™b|g” p|A b|B" a|m*s|X*t]

To encrypt m in {1,2,3,...,p — 1} Alice computes X :=
[select: |g*a|g*b|g a|g'b|g'p|A b |B a|m*s | X*t]

Alicesends___ to Bob.
[select: | (a,X) | (A X) | (A,m) | (B,X) | (s,m) | (5,X)]
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Bob: Decryption

Bobreceives ____ from Alice.
[select: |(a,X) | (AX) [ (A,m) [ (B,X) | (s;m) | (s,X)]

Bob computes the shared secret
[select: | g*a|g*b|g a|g’b|g'p|A" b|B a|m*s | X*t]
Bob computes the inverse t of s in the group ({1,2,3,...,p — 1}, %).

Bob obtains the message m by computing
[select: |g*a|g*b|g”a|g'b|g’p|A b |B" a|m* | X*t]

Problem 16.3 (2) (1 point)

Alice and Bob use the ElGamal cryptosystem for their secure communication.

Bob: Key Generation

Bob chooses the prime p = 7. So he will work in the group (Z3',®) where a®b = (a-b) mod 7. He chooses
g=3¢ Z?.

Bob chooses his secret key b = 3 and computes B = (g”) mod p =__

Bob publishes p, g, and B in the public key directory.

Directory of Public Keys
Aaron: p=31,g=8,B=2
Alice: p=23,g=2,B=6

Bob: p=_ ,g=_B=___

Sebastian: p=19,g=13,B=2

Victoria: p=31,g=8,B=16

Alice: Encryption

Alice wants to send the message m = 3 to Bob.
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Alice gets Bob’s public key from the directory: p=___,g=_  B=___

Alice chooses her secret a = 2.

Alice computes the shared secret s = (B*) mod p =__.

She computes A = (g*) mod p=__.

Alice encrypts the message by computing X = (m-s) mod p =__.

Alice sends A and X to Bob.
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Bob: Decryption

Bob receives A and X from Alice.

Bob computes the shared secret s = (A?) mod p = __.
Bob finds the inverse s1® = ___ of s in the group (Z5,®).

Bob decrypts the message by computing M = (X -s~ ') mod p= __.

Hint: In (Z7,®) we have

1719=1,2719=43"19=54"19=2 5719 =3 6719 =6

Problem 16.3 (3) (1 point)

Alice and Bob use the ElGamal cryptosystem for their secure communication.

Bob: Key Generation
Bob chooses the prime p = 7 and the generator g =3 € Z?.
Bob chooses his secret key » = 2 and computes B = (¢”) mod 7 =__.

Bob publishes p, g, and B in the public key directory.

Directory of Public Keys

Bob: p=_ ,g=_ B=___

Nathan: p=31,g=8,B=16

Thom: p=47,g=1,B=1

Bob: Decryption
Bob receives A = 6 and X = 2 from Alice.
Bob computes the shared secret s = (A?) mod 7= __.

Bob finds the inverse s~! = ___ of s in the group (Z5,®).
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Bob decrypts the message by computing M = (X -s~!) mod 7= __.

Hint: In (Z7,®) we have

1719 =1,2719=4,3719 =5 4719 =2, 571 =3, 6719 =,

Problem 16.3 (4) (1 point)

Alice and Bob use the ElGamal cryptosystem for their secure communication.

Bob: Key Generation
Bob chooses the prime p = 19753 and the generator g =5 € Z?9753.
Bob chooses his secret key b = 6 € Z{ys; and computes B = (g") mod 19753 =__.

Bob publishes p, g, and B in the public key directory.

Directory of Public Keys Aaron: p = 19793, g =243, B=393
Beth: p = 19801, g = 18949, B = 2072

Bob: p=__ ,g=_ ,B=___

Sebastian: p = 19913, g =243, B=1205

Victoria: p = 19751, g = 13752, B=1679

Bob: Decryption

Bob receives A = 125 and X = 12075 from Alice.

Bob computes the shared secret s = (A”) mod 19753 = __.

Bob computes the inverse s~' = 11561 of s in the group (2%753, ®).

Bob decrypts the message by computing M = (X -s~!) mod 19753 = __.
Bob finds the expanded base 27 form of M, namely M =___-27%4___274___

Decoding these numbers with C~! yields the message ___.

Problem 16.3 (5) (1 point)
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Alice and Bob use the ElGamal cryptosystem for their secure communication.

When generating his key pair Bob chooses p =13 and g = 2.
That is, he decides to work in the subgroup (2) of (Z$},®) where a®b = (a-b) mod 13.

Bob chooses his secret key b = 2 and computes B = g"® =___
The values that Bob publishes in the public key directory are:

p=—_,¢g=_ ,andB=__

Problem 16.3 (6) (1 point)

Alice and Bob use the ElGamal cryptosystem for their secure communication. Alice sends an encrypted
message to Bob.

Directory of Public Keys
Bob: p=19759,¢g=3,B=27
Nathan: p = 19867, g = 128, B = 14383

Thom: p = 19913, g = 243, B = 11547

Alice: Encryption
Alice wants to send the message eve’ to Bob.
,B=__

Alice gets Bob’s public key from the directory: p=___, g =

She applies the encoding function C : {—,a,b,c,...2} — {0,1,2,3,..26} with C(—) =0, C(a) =1, ...,
C(z) = 26 to the characters in message. She obtains C(e) =, C(v) =—_,and C(e) =

She encodes this into one number by computing m = C(e) - 27> +C(v)-27+C(e) =__.
Alice chooses her secret a = 3.

Alice computes the shared secret s = (B*) mod p=___.

She computes A = (g*) mod p=__.

Alice encrypts the message by computing X = (m-s) mod p =___.

Alice sends A and X to Bob.

Problem 16.3 (7) (1 point)
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Alice and Bob use the El Gamal crypto system for their secure communication.
Bob’s publickeyis p=13,g=2,B=12
Alice sends A =2 and X =4 to Bob.

Bob decrypts this message using his private key b = 6 and obtains m =___.

Hint: In the group Z{},® where a®b = (a-b) mod 13 we have

1719=1,2719=7,3719=9,4719=10,519=8,6"19=11,719=2,8"19=5,9719=310"19 =4,
1171% =6,12719 =12,

Problem 16.3 (8) (1 point)

Alice and Bob use the ElGamal crypto system for their secure communication.
From the key directory Alice obtains Bob’s public key is p=5,g=2,B=3.
Alice chooses her secret a = 2 and computes the shared secret s =___.

Alice encrypts the message m =2 and sends A =___and X =___ to Bob.

Problem 16.3 (9) (1 point)

Alice and Bob use the El Gamal crypto system for their secure communication.

Bob: Key Generation
Bob chooses the prime p = 19927 and the generator g = 6 € Z{y9,7.
Bob chooses his secret key b = 2 and computes B = (g”) mod p =___.

Bob publishes p, g, and B in the public key directory.

Directory of Public Keys Aaron: p = 19819, g =243, B= 1776
Beth: p = 19861, g = 3530, B = 5462

Bob: p=_ ,g=_ B=___

Sebastian: p = 19891, g =32, B =7993

Victoria: p = 19919, g = 6864, B = 5492
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Alice: Encryption
Alice wants to send the message *ale’ to Bob.
Alice gets Bob’s public key from the directory: p =

8= B=__

She applies the encoding function C : {—,a,b,c,...z} — {0,1,2,3,..26} with C(—) =0, C(a) =1, ...,
C(z) = 26 to the characters in message. She obtains C(a) =, C(1) =__,and C(e) =

She encodes this into one number by computing m = C(a) -27> +C(1)-27+C(e) =__.
Alice chooses her secret a = 2.

Alice computes the shared secret s = (B*) mod p=__.

She computes A = (g*) mod p=__.

Alice encrypts the message by computing X = (m-s) mod p=__.

Alice sends A and X to Bob.
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Bob: Decryption

Bob receives A and X from Alice.

Bob computes the shared secret s = (A”) mod p = ___

Bob computes the inverse s~! = 12439 of s in the group (Z{3q,7,®).

Bob decrypts the message by computing M = (X -s~!) mod p= __.

Bob finds the expanded base 27 form of M, namely M =___-27%4___274___

Decoding these numbers with C~! yields the message .
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Solutions

Problem 16.3 (1) Correct Answers:

° gAb

* (p.g.B)
(p.2,B)
«ga

e B a

* m*s
(A,X)
* (AX)
* A'b

o X*t

Problem 16.3 (2) Correct Answers:

.
(@)

.
W= = W N = ONW N W=

Problem 16.3 (3) Correct Answers:

[ ]
N = = N W N
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Problem 16.3 (4) Correct Answers:

* 15625
19753
*5
15625
19196
4624
* 6

*9

L
FIG

L]

Problem 16.3 (5) Correct Answers:

.4
. 13
)
. 4

Problem 16.3 (6) Correct Answers:

* 19759
3
e 27
*5
e 22
*5
4244
19683
° 27
13359

L]

Problem 16.3 (7) Correct Answers:

Hint: The shared secret is s = A*®.

The decrypted message is m = X @ s~'® where s~'% is the inverse of s with respect to ®.

*9

Problem 16.3 (8) Correct Answers:

. 4
. 4
e 3
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Problem 16.3 (9) Correct Answers:

* 36

* 19927
* 6

* 36

e 19927

* 36

e 12

* 1058
* 1296
* 36

* 16132
* 1296
* 1058
e 12

e ale

426



	Foundations
	Integers
	Statements
	Variables
	Exponentiation

	Algorithms
	return
	if-then
	let
	repeat-until
	Exponentiation Algorithm

	Division
	Quotients and Remainders
	Division Algorithm
	Long Division
	Operation mod
	Clock Arithmetic
	ISBN

	Greatest Common Divisors
	Divisibility
	Greatest-Common-Divisors
	Euclidean-Algorithm
	Bezouts-Identity

	Sets
	Sets
	Roster Form
	Membership and Equality
	Special Sets
	Set Builder Notation

	More on Sets
	Subsets
	Cartesian Products
	Applications of Cartesian Products

	Functions
	Definition of Function
	Equality of Functions
	Composite Functions
	Identity Functions
	Inverse Functions

	Codes
	Character Encoding
	Symmetric Key Cryptography
	Caesar Ciphers
	Other Substitution Ciphers
	Frequency Analysis

	Cardinality
	Definition of Cardinality
	Infinite Sets
	Cardinality of Cartesian Products
	Number of Subsets

	Primes
	Definition of a Prime
	Sieve of Eratosthenes
	Prime Factorization
	Infinitude of Primes
	Twin Prime Conjecture

	Other Bases
	Decimal Representation
	Binary Representation
	From Decimal to Binary
	Base b Numbers
	From Decimal to Base b

	Applications of other Bases
	Images
	Colors
	Text

	Binary Operations
	Definition of Binary Operation
	Associativity
	Identity
	Inverses
	Commutativity

	Groups
	Definition of Group
	Examples of Groups
	Modular Arithmetic
	Additive Groups
	Multiplicative Groups

	Powers and Logarithms
	Exponentiation
	Repeated Squaring
	Fast Exponentiation
	Discrete Logarithm

	Public Key Cryptography
	Introduction Public Key
	Diffie Hellman
	ElGamal Crypto System


