A BOUND FOR STIELTJES CONSTANTS

S. PAULI AND F. SAIDAK

ABSTRACT. The main goal of this note is to improve the best known bounds for the Stieltjes
constants, using the method of steepest descent that was applied in 2011 by Coffey and Knessl in
order to approximate these constants.

1. INTRODUCTION

Let ((s) denote the Riemann zeta function (for s € C defined by Riemann [I7] in 1859). The
function ((s) has an Euler product (Euler [5] of 1737) and also satisfies a functional equation (Euler
[6] of 1749). In this paper we consider the related Hurwitz zeta function ((s,a) (see Hurwitz [11]
of 1882), which for 0 < a < 1 has the Laurent series expansion:

o

C(s,a):zz(n_ia = —I—Z s—l)n’

n=0

where, for non-negative integers n, the coefficients 7, (a) are known as the Stieltjes constants ([20]),
which were generalized to fractional values a € R™ by Kreminski [12] in 2003. These constants have
several interesting and unexpected applications in the zeta function theory, as was shown recently
in [4], [3], [8], and [9]. Moreover, the classical Euler-Maclaurin Summation can be used to prove

see [10]) that, if we set Cy(a) = vo(a) — 198%(a) and let falx) = w, then we have:
a T+a

" log®(r +a log®t(m +a log®(m + a
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where the B; denote the Bernoulli numbers (introduced by Bernoulli in [2] of 1713), and P, is the
v-th periodic Bernoulli function (see [13]). This expression has many useful applications; in our
recent work, we have used it to find zero-free regions for the fractional derivatives of the Riemann
zeta function. There one of the key estimates (Lemma 4.1, [9]) was the bound, for 0 < a < 1,

f(z) dz| < 0.013.

Here, with different goals in mind, we will consider another special case of the above Euler-Maclaurin
summation formula. We set m = 1 and v = 2 and analyze the expression

Clog®(14+a)  log®(1+a) log¥(1+a) o
M G ="Tr T T TR T 2t _7f /P2
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Now, bounding the generalized fractional Stieltjes constants v,(a) (or the functions Cy(a)), means
finding (this time for 1 < o € R) effective bounds for:

/ PQ dﬂj

Since the Bernoulli periodic function Py(x) involved in the integrals and ([2)) has a simple Fourier
series expansion, established by Hurwitz in 1890 (see [15]) we have

(2)

627rik:x 2 > eQﬂik:p_i_eme'kx 4 > %(627&14::1:)

- -~ (2m)2 p k2 -~ (2n)2 prt k2

—n!
(2mi)n —~  k?

PQ(JZ‘) =

k#0

Because this series is absolutely convergent and f/(z) is bounded (see ({)), if we set Sy :=
[° €™k f1(x) do and S* := supyey | Sk, then we obtain

/OOP2(a:)féi ‘ = %Z
1 k=

We obtain effective bounds on |Sg| and S* by choosing a suitable integration path as done in
the method of steepest decent for approximating integrals, see [22, Section II 4] for example. This
path originates at a point b on the real axis and then joins a level curve with constant imaginary
part that crosses a saddle point and on the right half plane has the asymptote Fi.

We find the location of this important saddle point using the Lambert W function (Lambert
[14] of 1758), which is the solution of the special case x = W (z)e"(®) of the so-called Lambert
transcendental equation (also investigated by Euler in 1783 [7]). Some of these properties will be
discussed in the next section.

3)

2. UTILITY OF THE LAMBERT W FUNCTION

We first rewrite S such that it becomes easier to find the saddle point mentioned above. Recall
that f,(x) was defined as f,(z) = log”(@+a) ' \hich means that for its first two derivatives we have

x+a
fl(x) = %(a —log(z + a)) and
a—2
(4) fo(z) = log” "(x +a) (a(a—1) — 3alog(a+ x) + 2log*(a + x)) .

(x + a)?

Now, since S := [ 2™k f"(x) dz, with the change of variables y = log(z + a) and b = log(1 + a)
we can write

00 1 a—2
Sk = /1 e%zmw (a(ar—1) = Balog(a + z) + 2log?(a + x)) dx

_ [T 2rik(er—a) ye (ala—1)—3a-y+2-y*)ed
i = y Y Y

— /oo eQﬂik(ey—a)+alogye—2y <C¥<Oé — 1) — 32a Yy +2- y2> dy.
b Y

Let hy(y) = 2mik(e¥ — a) + alogy and ¢(y) = a(a_l)_y%a'yw'y?. Then

(5) Sk = /b M We2g(y) dy.
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FiGURE 1. The function h; for a = 200 with the saddle point e near 2.46 + 1.144.
The dashed red lines are level lines of R(h1(o + it)) and the dotted green lines are
the level lines where S(hy (o +it)) = S(h1(w1(200))). The solid blue line is our path
of integration.

The function hy(y) defined above has a saddle point where h} (y1) = 2mike¥" + a/y; = 0 and the
Lambert W function tells us that this happens at y; = W (%) We use the principal branch W
of the Lambert W function and set

at
=Wy|=—].
wi (@) 0 <27rk>

We make a couple of observations concerning Wy (it) that will be useful later.

Lemma 1. Let Wy be the principal branch of the Lambert W function. Fort € (0,00), the inverse
of I(t) := S(Wy(it)) is the function T(y), where for y € (0,7/2):

_ Y ‘tan(y)

6 T(y) = —2— . evtan(®),

(© )= e

Proof. Considering the real part of Wy(it) - V00t = it we get R(Wo(it)) = I(t) - tan(I(t)), so
that Wy(it) = I(t)(tan(I(t)) + i). Using this in Wy(it) - "o = it and considering only the

imaginary parts, we obtain I(t)-e!(*) tan(m»m = t. This shows that, for y € [0,7/2), if we set

T(y) = Co?éy . ey'tan(y), then T is the inverse of I. .
3




It follows immediately from Lemma (1| that 7'(0) = 0 and lim,_, /> T'(y) = oo and that

oy tan(y)
T'(y) = (((tan®(y) + 1) - y + tan(y)) -y + ytany + 1)

cos(y)
Hence T"(y) > 0 for y € [0,7/2), and therefore I(t) > 0, for ¢ € (0, 00]. Thus for ¢ > 0 we have

(7) 0<I(t) < g
and lim;_,o I(t) = 7/2. This implies
(8) R(Wo(it)) = I(t) - tan(I(t)) > 0.

Taking the logarithm of Wy(it) - €"o(®) = it and only considering real parts we obtain R(Wy(it)) =
log(t) — R(log Wy(it)). Thus, for ¢ > 1.97 where |Wy(it)| > 1,

9) R(Wo(it)) < log(t).

We will employ the following two lemmas to show that we can set S* = |Si|. (The second of these
results also shows why, everywhere below, we will assume o > 27.)

Lemma 2. Fort > 0 we have % (?R (log(WO(it)) - ﬁ(zt))) > 0.

Proof. With W{(x) = % we get 4R (log(Wo(it) - ﬁ(n)) = %TJ‘/,ZO(%? > 0, as desired. [
Lemma 3. For k € N and a € [27,00) we have k - sin(S(wg(a))) > 1/2.

Proof. Representing the cosine and tangent functions in @ by the sine function, and using that
sin~tz < g, for v € [0, %], we deduce:

-1 1
T <sin1 1> — SlIl. 7%]{) — e(sin_1 i)-tan(sin_l i)
2k cos (sm ﬂ)
-1 1
i 1 i . sn)(sln ﬁ)
_ Sinil i ) e(s " 2k) 1—sin2 (sin*l i)
/1 —sin? (sin~! &)
1
Es & 2k = "
< 6k ., I o< T . e 6kV/4k2 —1
o /1_& T 3V4k2 -1
s o 1 1
< ce6vak? < 0.61---14< —.
3v/3k k k
Applying the functions I and sine to both sides of this inequality yields
1 1
Because of the monotonicity of I for a > 2, we get & < ksin (I (5%)) = k - sin (S(wg())). O
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F1GURE 2. The function h4g for a = 200 with the saddle point e near 0.29 + 0.521.
The dashed red lines are level lines of R(h4o(o + it)) and the dotted green lines are
the level lines where (hao(o + it)) = I(hao(wa(200))). The solid blue line is our
path of integration.

3. BOUNDING THE INTEGRALS

First, recall the definitions of the quantities |Si| we are interested in:

1Sy = /b W) 2 g(y) dy|

where (as in Lemma hi(y) = 2mik(e? — a) + alogy, q(y) = a(o‘_l)_y%a'y”'yz

a > 27, and b = log(1l 4+ a). We evaluate Si by integrating along the contour made up of 4
components ¢y, co, c3, and ¢4 where

with (as in Lemma

e c; starts at b € RT and goes along the positive real axis to 1,

) K
e c3 starts at the end point u of ¢y and follows the level line S(hg(y)) = S(hg(wg (o)) until
the point v with (v) = 2log « is reached,
e ¢4 starts at the end point v of ¢z and approaches infinity on the level line S(hi(y)) =
S(h(wr(a)).
From our observations (7)) and (8)) we know that 0 < (wi(a)) < 7/2 and R(wi(a)) > 0. Setting

S(hi(y)) = S(hp(wp(a))) we see that as R(y) — oo we have J(y) — 5. On this level line, from
5



the origin to the saddle at wy (), the value of R(hy(y)) strictly increases, and after crossing it the
value of R(hy(y)) strictly decreases. Figures [1| and [2 provide illustrative examples of this.
In the next four lemmas we will estimate the integral for each of these four components separately.

Lemma 4. Let Ly := / " We=2g(y) dy, then |L1| < o+ 3 + 1

Cc1

Proof. Let y € R*. First, let us note that
(10) R(hi(y)) = R(2mik(e¥ — a) + alog(y)) = —2rnke™ ™ sin S(y) + alog |y

and because |e™2Y| < 1, we can write:

1 1
/b e We=2vg(y) dl/‘ §/b "W - la(y)| dy

1 1
< / e—27rk69?(y) sin $(y)+alogly| . \q(y)l dy < / ealogy . Iq(y)l dy
b b

1 +171
-1 3 2y~
s/y“(a(a2 )+a+2> dy:[aya_1+3ya+ Y }
b Y ) b

L] =

a+1
2log(a + 1)+t
a+1

1
:<a+3+ )—(log(a—l—l)a_l—i—?)log(a—i—l)a—i— ><a—|—3+. O
™

a—+1

Lemma 5. Let Ly := / e We=Wq(y) dy, then |La| < (o + 2a + 2)%

Cc2

Proof. Recall that cy starting at 1 follows the unit circle until the point u with S(hg(u))
S(hi(wg()) is reached. First observe that on the unit circle we have |y| = 1 and 0 < S(y) <

and thus, by ,
(11) R(hi(y)) = —2mke™ ) sin S(y) + alog|y| = —27ke™ ™) sin S(y) < 0.

Moreover, we can write
ala—1) 9

12 q(y S’—i— + —4+2=a“"4+2a+2.

12) la(w)! y? y y?| |y

Since replacing u by ¢ as the endpoint of the contour ¢z can only extend the path of integration,

the bounds and give:

_ T
Zal < [ 0]l o)y < [ lawldy < (@2 + 20+ 2. 0
c2 Cc2

[a—

3o ala—1)  3a

2=

Lemma 6. Let Ly := / e We=Wq(y) dy, then |Ly| < o2 + 20 + 2.

C4

Proof. Our integration path c4 follows the level line with 3(y) = S(wi(a)) starting at the point v
with ®(v) = 2log a. Here we have |y| > 1 and thus, as in (12)) we have |q(y)| < o? +2a + 2. We
get

(13) |La| < / \(ih’“(y%?y\(oz2 +2a +2)dy = (a® + 20+ 2) / Rk (W) =29) gy
ca

Cq

By (9) we have R(wy()) < log(c). So v lies to the right of the saddle. For R(y) > 2log a we have
(14) R(hi(y)) = —27ke™ ) sin S(y) + alog|y| < —me™¥) + alog|y| < 0.

To see this, just note that in our region R(y) > 2loga we have (i) e®¥)/2 > o, while at the
same time, becuase of the concavity of both the logarithmic and the Lambert W functions, we can
6



write loglog |y| = log 3 + loglog |y|? = log & + loglog(R(y)? + I(y)?) < log & + loglog(2R(y)?) <
log 2 + loglog 2 + log 2 + loglog R(y) < R(y)/2, which implies (ii) eRW)/2 > log |y|. Multiplying (i)
and (ii) together yields e®®) > alog |y|, which implies . Finally, plugging the bound into
the integral in and R(y) > 2log a give:

|L4| < (a2+2a+2)/ e—wem(y)+alog|y|’e§R(—2y) dy§ (042—|—Oé—|—2)/ e?R(—Qy) dy<a2+2a—|—2.D

Cq Cq

Lemma 7. Let L := / " We=2q(y) dy, then

c3
|Ls| < e%(_ (@) +alogwk(a)) (a® + 20+ 2)(2log a + 7/2).

Proof. On the level line S (hx(y)) = S(hr(wi()) the function hi(y) has its (real) maximum at the
saddle point wg(a). This allows us to bound the real part of hx(y) as:

Rk () < Rl (wi(e)) = R (2mik(e”® — a) + alogwy(a)) = R (— +alog wk(a)> ,

o
wy ()
With the above and we get

|Ls| S/
C3

< erﬁMélogwk(a)) (a® + 20+ 2) / |e_2y‘ dy
c3

ehk(y)‘ e - lq(y)| dy

- em<,$+alogwk(a)) (QZ +2a+2)(2loga + 7/2),

where the last inequlity holds because ‘6*29‘ < 1 on c3 and because the integral for the arc-length
of the curve c¢s can be bounded from above by the sum of lenghts of two adjacent sides of the
rectangle that contains it. O

Putting these four Lemmas together, we immediately get the following bound:

|Sk| < |La| + |L2| + |Ls| + [ L4

]. o
(15) <at3+—+ (0 +2a+2) (1 + g + o wk<a>+°‘1°gw’“(°‘))(2loga + 7r/2)> :

4. THE FINAL BOUND
Now we can prove the following general result:

Theorem 8. For a > 27 and a € (0,1] let us denote by ~yo(a) the fractional Stieltjes constants
and write Co(a) = vao(a) — %. If we set w(a) := Wy (), where Wy is the principal branch of
the Lambert W function, then

Cala)] <o + §a2 log o - |e(logw(@)—1/w(a))|

Proof. From Lemmas [2 and [6] it follows that the quantities Sy decrease as k increases. Thus we
can set S* = |S1| in (3)), and with the help of the bound we can rewrite as:

1 1 log(l+a) N 1 1 1og™ (1 +a)
214+a a+1 12(1 4 a)? 12 (14 a)?

|Ca(a)] < log®(1+ a)

1
-8
ol + g5

1 1 ——S%—+4alo
<1+ ¢t 6 {a+3.3+ (a® +2a + 2) <(1+ g) + (210ga+7r).e%( TORGE gwl(a)))]
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F1GURE 3. On a logarithmic scale we show the absolute values of the Stieltjes con-
stants 74, = Co (1), Co(2/3), Co(1/3) and C,(1/10) along with the bounds by Berndt
[1], Williams and Zhang [21], Matsuoka [16] and Saad Eddin [I9], our bound and
conjecture from [10] as well as our new bound from Theorem

1 1 __a
< 1.55 + % +3 (0 +2a+2) + 5 (;&) (3log ) - (;R( ey Talogwi(a))

por(log w(a)—1/w(a))

)

3
<a?+ iaZIOga-

since m < 4log o and %(1 +35) < %, and in our range we also have 2.55 + ga < %oﬂ. O

Note that the main term of the bound in Theorem differs only by a factor of o log o from the
conjectured bound given in [10]:

(16) ’Ca(a)| <2 ‘ea(logw(a)—l/w(a)) ‘

In Figure |3| we compare Theorem and with previously known bounds for v, = C,(1). For
m € N we have:
(1) the bound by Berndt [1]: |v| < —(3+(_1Z::L)(m_1)!
(2) the bound by Williams and Zhang [21]: || < —(3;(;37(7;;()2;” k
(3) the bound by Matsuoka [16] which holds for m > 4: |y,,| < 10~*(logm)™
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(4) the bound by Saad Eddin [19]: Let 6(m) = —2+L_— — 1 then

- log 2(m—+1)
|'Ym| <ml - 2\/56—(71—&—1) logO(m)—&-Q(m)(log@(m)—&-log %) 1+ 270(m)71 e(m) +1 )
- O(m) —1

2(a+1)
(5) our bound from [I0]: For a € (0,00) let x = gewo( i ) then

B+ (=)™ (a+1) (2(n +1))! b [ =] ifr<a
2m)ntl(n+ 1ot (n41)! wheren = { [ — 1] otherwise
Remark. With (9) we get R(log(w(a)) — 1/w(e)) < R(logw(a)) < loglog(er). Hence

ea(logw(a)—l/w(a)) _ ea%(logw(a)—l/w(a)) < (lOg a)a

|’7a| <

Thus the main term of Matsuoka’s bound follows from ((16]).
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